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Foreword 


In this book, we shall present some recent results on the global well-posedness of 
strong solutions to 1D radiative fluid equations and liquid crystal equations. Most of 
the contents of this book are based on the research carried out by the authors and 
their collaborators in recent years, which have been previously published only in 
original papers; but some contents of the book have never been published until now. 

There are four chapters in this book. 

Chapter 1 will recall some basic properties of Sobolev spaces, some differential 
integral inequalities in analysis, some of which will be used in the subsequent 
chapters. 

In chapter 2, we shall study one-dimensional compressible infrarelativistic 
radiation equations and further prove the global existence and the large-time 
behavior of solutions to this system. Novelties of this chapter are: (1) Using a 
suitable expression of specific volume and the delicate priori estimates, we establish 
the positively lower bound and upper bound of the specific volume. (2) Using the 
embedding theorems and the delicate interpolation inequalities, we have overcome 
some mathematical difficulties caused by the higher order of partial derivatives to 
prove the global well-posedness of solutions in higher regular spaces. It is a 
remarkable fact that the difficulties we encounter in chapter 2 are how to deal with 
the radiative term, which makes the analysis in this book different from those in Qin 
[104], where the author studied some models without the radiative term. 

Chapters 3 and 4 will study one-dimensional compressible liquid crystal fluid 
equations. In chapter 3, we shall establish the existence of global solutions in 
H (i= 1, 2, 4) in Lagrangian coordinates. In chapter 4, we shall first establish the 
large-time behavior of solutions to one-dimensional compressible liquid crystal fluid 
equations. The novelty in this chapter is that using a suitable expression of the specific 
volume, we shall establish uniform bound of the specific volume by the embedding 
theorems and a sequence of delicate interpolation techniques and then prove the 
long-time behavior of solutions to the system using the Shen—Zheng inequality. 
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VIII Foreword 


For the contents of chapter 1, we refer the reader to [1, 2, 5-8, 37, 38, 40, 41, 45, 
55, 75, 76, 95, 96, 105-108, 135, 137, 138, 141, 148, 149, 155]. For the theory of 
radiation hydrodynamical equations, we refer the reader to the monographs [12, 94, 
99, 100] and [10, 17—21, 44, 59, 60, 74, 79, 80, 89, 111, 112, 116, 117, 127, 128]. For 
the theory of equations of liquid crystal, we refer the reader to [9, 11, 16, 23-25, 56, 
57, 77, 78, 81-83, 85-88, 110, 118, 124, 143, 144]. Since the compressible Navier- 
Stokes equations are closely related to the radiation hydrodynamical equations and 
the liquid crystal equations under consideration of this book, we also refer the reader 
to related references of the compressible Navier-Stokes equations [3, 4, 13-15, 22, 
26-36, 39, 42, 43, 46-50, 52-54, 58, 61-73, 84, 91-93, 97, 98, 102-105, 113, 114, 
119-123, 125, 126, 129, 130-134, 136, 139, 140, 142, 146, 147, 150-154, 156], some 
techniques of which can be used to deal with our problems in this book. 

We sincerely wish that the reader will learn the essential ideas, basic theories and 
methods in deriving the global existence, asymptotic behavior and regularity of 
solutions for the systems considered in this book. We also wish that the reader can 
undertake the further research of these systems after having read this book. This 
book was financially supported in part by the NNSF of China with contract number 
12171082, the Fundamental Research Funds for the Central Universities with con- 
tract number 2232022G-13 and by the Graduate Course (Textbook) Construction 
Project of Donghua University. 

We also take this opportunity to thank all the people who were once concerned 
about me. 

Last but not least, Yuming QIN hopes to express his deepest thanks to his 
parents (Zhenrong QIN and Xilan XIA), sisters (Yujuan QIN and Yuzhou QIN), 
brother (Yuxing QIN), wife (Yu YIN) and son (Jia QIN) for their great help, con- 
stant concern and advice in his career. 
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Chapter 1 
Preliminary 


This chapter will introduce some basic results, most of which will be used in the 
following chapters. First we shall recall some basic inequalities whose detailed proofs 
can be found in the related literature, see, e.g., Adams [1, 2], Friedman [37, 38], 
Gagliardo [40, 41], Nirenberg [95, 96], Yosida [148], etc. 


1.1 Some Basic Inequalities 


1.1.1 The Sobolev Inequalities 
We shall first introduce some basic concepts of Sobolev spaces. 


Definition 1.1.1. Assume QCR” is a bounded or an unbounded domain with a 
smooth boundary Y. For 1 € p< +œ and m a non-negative integer, W™P(Q) is 
defined to be the space of functions u in L'(Q) whose distribution derivatives of order 
up to m are also in L'(Q). That is, 


W™?(Q) = I(Q)n(u: D'ue LO), |x| x m). 


The space W™?(Q), called a Sobolev space, is equipped with a norm 


1/p 
lullm po = i) XO [Dude | , if 1<p<-+oo, or (1.1.1) 
la| € m 
lelimpa = max ean a) if p= +00 (1.1.2) 
acm rE 
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which is clearly equivalent to 


Y; Dulo (1.1.3) 


|o] € m 


If O — R", we only denote 


np — Pulls ullo p = lel, 


W™?(Q) is a Banach space. The space W;"(Q) is defined as the closure of 
C (Q) relative to the norm (1.1.3). Clearly, 
W?*(Q) = P(Q) 
with norm lilopo = Ill, o. For p = 2, W"?(Q) = H"(Q), is a Hilbert space with 


respect to the scalar product 


(u, v),, = 5 (D*u, D*v) isto 
|a|<m 
with (f, 9) i0) = fo f dx, here 9 is the conjugate function of g. 


It is well-known that the Sobolev inequalities are important tools in the study of 
nonlinear evolutionary equations. First, we shall introduce these inequalities for 


functions in the space WẸ” (Q). 


Theorem 1.1.1 (The Sobolev Inequality). Assume that QC", n > 1, is an open 
domain. There exists a constant C= C(n, p) > 0 such that 


(1) ifn > p 2 1, and u€ WI"(Q), then u € L" (Q) and 


p(n — 1) 


[u 


Dulo (1.1.4) 


where p* = np/(n — p); 
(2) if p > n and Q is bounded, and u € WI" (Q), then u € C(Q) and 


ii 
sup |u| < CIQ | Dal], (1.1.5) 


While, if Q = R”, then 
Li 
map lul € Con’ lulls pr (1.1.6) 


where On = zb is the measure of the n-dimensional unit ball, T is the Euler 


—n 


; y #71)/p 
gamma function and C = max4 1, (=) : 
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Remark 1.1.1. The Sobolev inequality (1.1.4) does not hold for p = n, p* = +. 


(1.1.4) was first proved by Sobolev [138] in 1938. Sobolev [138] stated that the 
L” norm of u can be estimated by luli o or ILDull,o, the Sobolev norm of u. 
However, we can bound a higher L” norm of u by exploiting higher order derivatives 
of u as shown in the next theorem which generalizes theorem 1.1.1 from m — 1, 
p> nto m2 l1 an integer. 


Theorem 1.1.2. Assume QCR” is an open domain. There exists a constant C = 
C(n, m, p) > 0 such that 


(1) if mp < n, p 2 1, and we W;""(Q), then u € L” (Q) and 


lullo € Cllull; io (1.1.7) 
where p* = aen 
(2) if mp > n, and u € Wy "(Q), then u € C(Q) and 
i m—1 1 
aap uS axe] y (diamK)" PIN: 
+ (diamK" — ym - n/p) | D"ul|, x (1.1.8) 


where K = suppu, C= C(m, p, n) and diamK is the diameter of K. 


Remark 1.1.2. An important case considered in theorems 1.1.1 and 1.1.2 is Q = R”. 
In this situation, W™?(R") = Wy" (R") and therefore the results of theorems 1.1.1 
and 1.1.2 apply to. W™?(R"). 


For p > n, the results of theorems 1.1.1 and 1.1.2 imply the fact that u is 
bounded. Indeed, u is Hóder continuous, which we shall state as follows. 


Theorem 1.1.3. If u € W;"(Q), p> n, then u € C?*(Q) where a = 1 — n/p. 


Generally, the embedding theorems are closely related to the smoothness of the 
domain considered, which means that when we study the embedding theorems, 
we need some smoothness conditions for the domain. These conditions include 
that the domain © possesses the cone property, and it is a uniformly regular open 
set in R”, etc. For example, when Q € C' or OQ € Lip, Q has the cone property. 
Mathematically, we need to define the special meaning of the word “embedding” or 
"compact embedding". 


Definition 1.1.2. Assume A and B are two subsets of some function space. Set A is 
said to be embedded into B if and only if 


(1) AC B; 
(2) the identity mapping I: A — B is continuous, i.e., there exists a constant C > 0 
such that for any x € A, there holds that 


|Ix]| p < C]|a]| a. 
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If A is embedded into B, then we simply denote by A — B. 
A is said to be compactly embedded into B if and only if 


(1) A is embedded into B; 
(2) the identity mapping I: A — B is a compact operator. 


If A is compactly embedded into B, then we simply denote by A ==> B. 


Now we draw some consequences from theorem 1.1.1. In fact, exploiting theorem 
1.1.1, we have the following result which is an embedding theorem. 


Corollary 1.1.1. If u € Wy?(Q), then u € L(Q) with p< q< ŽP if1 <p <n, and 
psq< + if p — n. Moreover, if p> n, u coincides a.e. in Q with a (uniquely 
determined) function of C(Q). Finally, there holds that 


A np 

lullo € Cl ulli po if 1<p<n,p< qs n-p (1.1.9) 
lulo € Cliulliso if p=n, p< g< +o, (1.1.10) 
lulle < Cliulliso if p> n, (1.1.11) 


where C= C(n, p, q) > 0 is a constant. 


We can generalize corollary 1.1.1 to functions from Wy; ^ (Q) which can be stated 
as the following embedding theorem. 


Theorem 1.1.4. Let uc Wy ^ (Q), p» 1, mz 0. Then 
(1) if mp < n, then we have, for all q€ |». za j 


Wi"? (Q) L'(Q), (1.1.12) 


and there is a constant Cı > 0 depending only on m, p, q and n such that for all 


qE |». zu. 


[ullao € Gill ull mpi (1.1.13) 
(2) if mp = n, then we have, for all q € |p, +), 
Wy ^(Q)L*(Q), (1.1.14) 


and there is a constant C5 > 0 depending only on m, p, q and n such that for all 
q € [p, +0), 


lulla € Cal ull (1.1.15) 


m,p,Q? 
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(3) if mp > n, each u € Wy "(Q) is equal a.e. in Q to a unique function in C^(Q), for 
all k € (0, m — n/p) and there is a constant C4 > 0 depending only on m, p, q and n 
such that 


[ullos € C3l] ul (1.1.16) 


m,p,Q* 


Remark 1.1.3. In case (2) of theorem 1.1.4, the following exception case holds for 
m= n, p= 1, q= +00: 


W"(Q)— r(o). (1.1.17) 


Now we give the following compact embedding theorem. 


Theorem 1.1.5 (Embedding and Compact Embedding Theorem). Assume that Q is 
a bounded domain of class C". Then we have 


(i) If mp < n, then W™?(Q) is continuously embedded in LÝ (Q) with * i 


W"»(Q)— L" (Q). (1.1.18) 


In addition, the embedding is compact for any q, 1 € q< q*. 
(ii) If mp = n, then W™P(Q) is continuously embedded in L(Q), Yq, 1 < q< +o: 


w"?(Q)GL(Q). (1.1.19) 


In addition, the embedding is compact, Vq,.1<q<+o.Ifp=1, m= n, then 
the above still holds for q = +. 
(ui) Ifk+1 >m p > k,k €N, then writing m— T= k+4, 4 € (0,1), W™?(Q) is 


continuously embedded in C'*(Q): 
W"*(Q)— o"(Q), (1.1.20) 


where C"*(Q) is the space of functions in C*(Q) whose derivatives of order k are 
Holder continuous with exponent a. Moreover, if n = m-k-1, anda —1,p— 1, 
then (1.1.20) holds for a= 1, and the embedding is compact from W™?(Q) to 
OP(O), for all0 € f < a. 


1.1.2 The Interpolation Inequalities 


In this subsection, we shall present the Gagliardo—Nirenberg interpolation 
inequalities (see, e.g., Friedman [38] and Nirenberg [96]) which play a very impor- 
tant role in the theory of nonlinear evolutionary equations. 
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p(g. For p< 0, set —?=h+a with h= [-2] and 


For p> 0, lul, o = llul p 


x € [0, 1). Define 


|ul,o = sup |D^u| = sup|D? ul, if «= 0, 
"og à 


lila = [Dia = D> sup[D^u] 
[Bl=h 


DÊ — pb 
Lys e Do) = Du) 
[Blah tuve. y |z zi y| 


, if a>0. 
If Q = R”, we simply write |u|, instead of |u|, o. 


Theorem 1.1.6 (The Gagliardo-Nirenberg Interpolation Inequalities). Let j, m be 
any integers satisfying 0 € j < m, and let 1< q,r € +00, and p € R, <a<1 such 
that 


Then 


(i) For any ue W™"(R") NA L*(R"), there is a positive constant C = C(m, n, j, q, r, 
a) such that 


|D/u|, € C|D"u;|u|; * (1.1.21) 


with the following exception: if 1 < r< +œ and m — j — n/p is a non-negative 
integer, then (1.1.21) holds only for a satisfying j/ m a«1. 

(ii) For any we W™"(Q) n LQ) where Q is a bounded domain with smooth 
boundary, there are two positive constants C1, Cy such that 


j m, Je 1—« 
|D ul a € GID" ul g|ul; o + Giulio (1.1.22) 


with the same exception as in (i). 


In particular, for any u € Wy" (Q)n L*(Q), the constant C in (1.1.22) can be 
taken as zero. 


1.1.8 The Poincaré Inequality 
In this subsection, we shall recall the Poincaré inequality in different forms. 


Theorem 1.1.7. Let Q be a bounded domain in R” and u € Hj(Q). Then there is a 
positive constant C = C(Q, n) such that for all u € Hy(Q), 


Ill rio < CIIV ull iso (1.1.23) 
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Theorem 1.1.8. Let QCR” be a bounded domain of C'. Then there is a positive 
constant C = C(Q, n) such that for any u € H'(Q), 


lu- all ae) < CV alley (1.1.24) 
where t = wo u(x) dx is the integral average of u over Q, and |Q] is the volume of Q. 


Theorem 1.1.9. Under assumptions of theorem 1.1.8, for any u € H!(Q), then 


) (1.1.25) 


llis $C (IVa ay +] f utc 


1.1.4 The Classical Bellman—Gronwall Inequality 


In this subsection, we shall give the following classical Bellman—Gronwall inequality 
which plays an important role in the study of global well-posedness of solutions to 
evolutionary differential equations. For more details, we can refer to Bellman [5-8] 
and Gronwall [45]. 


Theorem 1.1.10 (The Classical Bellman-Gronwall Inequality). 7f y(t) and g(t) are 
non-negative, continuous functions on 0 € t € t, which satisfy the inequality 


y(t) n f a(s)y(s)ds, 0x£«r, (1.1.26) 


where y is a non-negative constant, then for all 0 € t € c, 


ui) <nexo( | ase). (1.1.27) 


Gronwall [45] first proved the special case of (1.1.26) with g(t) = constant = 0. 
Later on, Bellman [6] (see also Kuang [75]) extended this result to the form of 
theorem 1.1.10, which is a crucial tool in the analysis of differential equations. Until 
now, more and more improvements and generalizations of the classical Bellman- 
Gronwall inequality have been made. Specially, Bellman proved another inequality 
which can be stated as follows (see, e.g., Kuang [75]). 


Remark 1.1.4. Let u(t), b(t) be continuous on (a, B), and b(t) be non-negative. If for 
all t = to, to, t € (a, p), 


t 
u(t) € u(t) + f b(s)u(s)ds, 
to 
then for any t= fg, 


vt) exo (7 f Kud) uto) uti) ( f uas). 


to 
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The above theorem gives bounds on solution of (1.1.26) in terms of the solution 
of a related linear integral equation 


v(t) =n+ f g(s)v(s) ds (1.1.28) 


and is one of the basic tools in the theory of differential equations. Based on the basis 
of various motivations, we know that it has been extended and used considerably 
in various contexts. For instance, in the Picard-Cauchy type of iteration for 
establishing existence and uniqueness of solutions, this inequality and its various 
variants play a significant role. Inequalities of this type (1.1.26) are also encountered 
frequently in the perturbation and stability theory of differential equations. 


1.1.5 The Generalized Bellman-Gronwall Inequalities 


In this subsection, we shall review the following generalized Bellman-Gronwall 
inequalities which can be found in Qin [104, 106, 123, 128]. 


Theorem 1.1.11 (The Generalized Bellman—Gronwall Inequality). Assume that f(t), 
g(t) and y(t) are non-negative integrable functions in |t, T] (t < T) verifying the 
following integral inequality for all t € |t, T], 


t) ao f fuos 
Then it holds, for all t € [c T, 
«0 at) f e ( f rar) iacas (1.1.29) 
In addition, if g(2) is a nondecreasing function in |t, T], then, for all t € fe, 7], 


y(t) < g(1) | EE (1.1.30) 


< g(t) z [ fois ( [ $0). (1.1.31) 


If further T = +œ and [^ f(s)ds« +00, then 
y(t) € C«(t) (1.1.32) 
where C —14- [^^ f(s) ds exp( f. f(0) d0) is a positive constant. 
The next result is a corollary of theorem 1.1.11, it can be found in Racke [135]. 


Corollary 1.1.2. Leta > 0,09, h € C([0, a]), h = 0 and g: [0, a] —^ R is increasing. If 
for any t € [0, a], 
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then for all t € [0, a], 


o(t) < g(t) exp cs h(s)ds). (1.1.34) 


1.1.6 The Uniform Bellman-Gronwall Inequality 


In this subsection, we shall introduce some uniform Gronwall inequalities which 
provide uniform bounds or decay rates. This type of integral inequalities plays a very 
crucial role in the study of the global existence and the large-time behavior of 
solutions to evolutionary equations. 

We start with the following theorem which is cited in Temam [141]. 


Theorem 1.1.12 (The Uniform Bellman-Gronwall Inequality). Assume that g(t), 
h(t) and y(t) are three positive locally integrable functions on (to, +œ) such that 
y(t) is locally integrable on (tg, +œ) and there holds that for all t = to, 

dy 


—< h 
dt S gy hu 


ttr ttr tr 
f g(s)ds ai, J h(s)ds € ap, Í y(s)ds < aa, 
t t t 


where r, ai = 1, 2, 3) are positive constants. Then, for all t = to, 
y(t+r)< (= + a) eu. 
r 


Next, we shall introduce some uniform generalizations which may provide some 
large-time behavior of functions. This class of inequalities is a very powerful tool in 
establishing the large-time behavior of solution when we use the energy methods to 
study problems of partial differential equations. 

We now give the familiar results in the classical calculus for the single real 
variable analysis. 


Lemma 1.1.1. (1) Assume y(t) € L'(0, +) with y(t) 20 for a.e. t>0, y(t) € 
L(0, +00). Then 


lim y(t) — 0. 


i + co 


(2) Assume y(t) € L'(0, +09) with y(t) = 0 for a.e. t>0, and limy., y(t) exists. 
Then 


lim y(t) =0. 


i— + co 
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(3) Assume y(t) is uniformly continuous on [0, +0), y(t) € L!(0, +00). Then 


(4) Assume y(t) is a monotone function on [0, +©°) and y(t) € L'(0, +00). Then 


and 


y(t) = o(1/t) as t— +00. 


Obviously, the above lemma provides the asymptotic behavior of y(t) for the 
large time. 

The next theorem related to the uniform Gronwall inequality was first estab- 
lished by Shen and Zheng [137] in 1993 (see, e.g., Zheng [155]) which is very useful 
and powerful in dealing with the global well-posedness and asymptotic behavior of 
solutions to some evolutionary partial differential equations. We shall apply it fre- 
quently in the subsequent context of this book (see, chapters 2—4). 


Lemma 1.1.2 (The Shen-Zheng Inequality). Assume T is an arbitrarily given con- 
stant with 0 < T € +, and y and h are non-negative continuous functions defined 
on |0, T] and satisfy the following conditions 


- < Airy (t) + Aot+A(t), for all t>0, (1.1.35) 
T T 
n y(s)ds € Aa, D h(s)ds< A4, for all T 0, (1.1.36) 
0 0 


where A,, Ay, As, A4 are given non-negative constants. Then for any r > 0, with 
0 « r « T, for all t 2 0, 


A 
y(t4 ns( 24 Aor 4 A) e^t, (1.1.37) 
r 
Furthermore, if T = +, then 
lim y(t) =0. (1.1.38) 


i oo 


Proof. We can find the proof in [137]. However, for reader's convenience, we shall 
give the detailed proof. The proof is similar to that of the Uniform Gronwall Lemma 
(see lemma 1.1 in [141], p. 89, or theorem 1.1.12). Assume 0 < t < s < t + r with any 
given r > 0. We multiply (1.1.35) by exp(— f7 Aiy(t)dt) and obtain the relation 
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5 | worew(= f Arw(oar) | <te,- f ants) ait). 
(1.1.39) 


Then integrating it over [s, t + r] yields 


t+r 


y(t+r) € y(s) exp QU Aiy(x) ir) + (Asr + A4) exp (/ Aiy(x) ir) 


<(y(s) + Aor + Ay) e443, (1.1.40) 


Integrating this inequality, with respect to s between ¢ and t+ r, gives us 
(1.1.37). From (1.1.35) and (1.1.37), it follows 


dy A3 AA ? 
d <Ai|( ZA : ] + Ag+ h(t) 


=A,+A(t), forall t>r, (1.1.41) 
where 
As A143 : 
A, := Ai | | — + Aor + Aa Jen] + 43. 
" 
To prove (1.1.38), we use the contradiction argument. Assume it were not true. 


Then there would exist a monotone increasing sequence {t,} and a constant a > 0 
such that for all n € N, 


a a 
n 2 44 ^? n > n TA? 1.1.42 
aay tn+1 fn TA, ( ) 
lim ty = +00, (1.1.43) 
a 
Win) > 5 > 0. (1.1.44) 
On the other hand, from (1.1.41) we have 
tn 
18) - 02A, - f h(t)dt, as h= <t< th. (1.1.45) 
t T 
Combining (1.1.44) and (1.1.45) yields 
© — y(t) xy) — y(t) < = ° h(t)d poc <t<t (1.1.46) 
V E an) — <- Tt) dt, n— < me wl. 
2 Wy sy y A -— as "FN 


Ar 
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Therefore, 
h a a 
u(t) f h(t)dt>—, as t, — <t<th. (1.1.47) 
ih 4 a 
Let 
ny = max{ n | nEN, r+ 14 < th< rt. (1.1.48) 
Thus, 
lim np = +00. (1.1.49) 


T +00 


It turns out from (1.1.47) that for all T > 0, 


aA, d à E 
as gu d 
A3+ T y(x) dz + ul y(t) dt 


th a tn a2 
> 2. (/ __ bart 4A, ; . ius > 16A, nT (1.1.50) 


n 44 " n “IAr 


which contradicts (1.1.36). Thus this completes the proof. 


In the sequel, we shall collect other useful inequalities which play important roles 
in classical calculus. These inequalities include the Young inequality, the Höder 
inequality, and the Minkowski inequality. 


1.1.7 The Young Inequalities 


Theorem 1.1.13. Suppose f is a positive, real-valued, continuous and strictly 
increasing function on [0, c] with c > 0. Iff (0) = 0, a € [0, c] and b € [0, f(c)], then 


nm P ()do» ab (1.1.51) 
0 0 


with f" is the inverse function of f. Equality holds in (1.1.51) if and only if b = f(a). 


This is a classical result called “the Young inequality” whose proof can be found 
in Young [149]. 
If we take f (a) = 2” ! with p > 1 in the above theorem, then we can conclude the 
following corollary. 
Corollary 1.1.3. There holds that 
P p 
Fe (1.1.52) 
p q 


where a, b Z 0, p > 1 and 1/p + 1/q— 1. 
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If 0 «€ p< 1, then 
p p 
ab» — +=. (1.1.53) 
p q 


The equalities in (1.1.52) and (1.1.53) hold if and only if b = a" !. 


In corollary 1.1.3, if we consider a and b as ea and & ! b, respectively, we can get 
the next corollary. 


Corollary 1.1.4. For any € > 0, there holds that 
PaP bI 


ab < E 
p qe 


where a, b 2 0, p > 1 and rU geh 
In fact, the Young inequality has the following several variants. 
Corollary 1.1.5. (1) Let a, b > 0, a i= 1,1 < p< +00, Then 


(i) a "93 € a/p + b/g; 
(ii) a "9 * < a/(pe/*) + bel? / q, for alle > 0; 
(iti) a b* < xa4- (1 — x)b, 0<a<1. 


(2) Let ak>0, pk 0, 9 2 pe = 1. Then Thy a € Ya Prak. 


1.1.8 The Hólder Inequalities 


'This subsection will introduce some Hólder inequalities. The following is the discrete 
Hólder inequality which was proved by Holder in 1889 (see e.g., Hólder [55]). 
However, as pointed out by Lech [76] that in fact it should be called the Roger 
inequality or Roger-Hólder inequality since Roger established the inequality (1.1.54) 
in 1888 earlier than Hólder did in 1889. However, we still call it here the Hólder 
inequality. 


Theorem 1.1.14. If a > 0, b, 2 0 fork = 1, 2,..., n, and 5+ 1— 1 with p > 1, then 


S ade (x 2I» a. (1.1.54) 
k=1 


k=1 k=1 


If 0 < p< 1, then 


S as D: a) (X i) j (1.1.55) 


Here the equalities in (1.1.54) and (1.1.55) hold if and only if «a? = pb? for k = 1, 
2,..., n where a and B are real non-negative constants with o? + B^ > 0. 
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Remark 1.1.5. Jf p = 1 or p = +œ, we have the trivial case. 


So andy < (Ea) sw a bp, if p= l1; 
Ys (Ea) sup aj, if p= +o. 


l<k<n 


Remark 1.1.6. When p= q= 2, (1.1.54) and (1.1.55) are called to be the 
Cauchy inequality, the Schwarz inequality, the Cauchy-Schwarz inequality or the 
Bunyakovskit inequality. 


By virtue of the discrete Hólder inequality (theorem 1.1.14), we can easily obtain 
the integral form of the Hólder inequality, namely. 


Theorem 1.1.15. /ff € L”(Q), g € L'(Q) and QCR” is a measurable set, then 
fg € L'(Q) 
and 
lllz < lfl llall sco) (1.1.56) 


with 1< p< +œ, +i=1 and 


iias ( | Par) 


IIfllo~a) = esssup |f (x)|. 
TEQ 


If 0 < p « 1, then 
llla 2 MT oco lallo- (1.1.57) 


The equalities in (1.1.56) and (1.1.57) hold if and only if there exist B € IR and 
real numbers Cı, Cy which are not all zeros such that | Cy|f(z)|" = Cs|g(x)|" and 
arg(f(z)g(x)) = B a.e. on Q hold. 


Remark 1.1.7. We have the corresponding weighted Holder inequality of the integral 
form. Let 1<p<+oo,f € PP(Q),g€ L«(Q),; + i= 1, w(2) > 0 on Q. Then 


[mowes (f soroas) ( i soloa}. 


1.1.9 The Minkowski Inequalities 


Note that, in 1896, Minkowski established the following famous inequality. 
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Theorem 1.1.16. Let a = (a,,.., an} or a= {Q,..., a4...) be a real sequence or 
complex sequence. Define 


1 
i 
ia, = (Slo if 1<p< +00; 
k 


all, = sup]ad if p= +00. 
Then for 1 < p € +, 

|| a + bll, < Ilall + lloll (1.1.58) 
If0#p « 1, then 

la+ èl, > lall, + Lol, (1.1.59) 


where when p < 0, we require that aj, bj, aj + by #0 (k = 1, 2,...). Moreover, when 
p#0, 1, the equality in (1.1.58) holds if the sequences a and 6 are proportional. 
When p=1, the equalities in (1.1.58) and (1.1.59) hold if and only if 
arga; = argby, for all k. 


Remark 1.1.8. If we replace p by 1/p in (1.1.58), we can obtain the following 


assertion: 
p 
H 
p : 
? 


p 
i 
p . 


In the applications, the following integral form of the Minkowski inequality is 
used frequently. 


(1) if 1 € p < +œ, then there holds 


(Y: Jay + ni) > 2 at) + (Y: Dg 


(2) if0 < p < 1, then there holds 


(x: Jax + E (Y: DE (Y: Le 


Theorem 1.1.17. Assume that Q is a smooth open set in R” and f, g € L'(Q) with 
1 < p < +. Then 


f+g E€ P(O) 


and 


If + allo S lfl + lallo (1.1.60) 
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If 0 < p< 1, then 


lf + glo) 2 Ilfll coco) + |Ig| L»(Q)* (1.1.61) 


If p > 1, the equality in (1.1.60) holds if and only if there exists a constant C, # 0 
such that CO f(x) = g(x) ae. in Q. 

If p = 1, then the equality in (1.1.60) holds if and only if argf(z) = argg(x) a.e. in 
Q or there exists a non-negative measurable function h such that fh = g a.e. in the set 


A= {z EQ | fla)g(x) £ 0j. 


Chapter 2 


Asymptotic Behavior of Solutions 

for the One-Dimensional Infrarelativistic 
Model of a Compressible Viscous Gas 
with Radiation 


2.1 Main Results 


This chapter will be devoted to the study of the large-time behavior of global 
solutions to the one-dimensional infrarelativistic model of a compressible viscous gas 
with radiation. The content of this chapter is adopted from Qin et al. [109], which 
has improved the results of Qin et al. [111]. We note that the existence of global 
solutions to such a model has been proved by Ducomet and Neéasova [18] and Qin 
et al. [111]. It is well-known that the radiative model in the one-dimensional case can 
be reduced into the following equations (see, Ducomet and Nečasová [19—21]) 


p. (pv), = 0, 

(pv), + (pv^), + py = uy, — (Sr) p 

[o(e+ 32); [pv(e-- $1) + po — 6, — m] = —(Se) 
114+ ol, = 8. l 


(2.1.1) 


Now we assume that the fluid motion is small enough with respect to the velocity 
of light c so that we can drop all the i factors in the previous formulation and then 
get an “infrarelativistic” model of a compressible Navier-Stokes system for a 
one-dimensional flow coupled to the radiative transfer equation given in the 
following system 


p.t (pv), — 0, 

(pv), + (pv?), + py = nt, (2.1.2) 
[ølet 1] [pole 129) + po — x0, — m] = - Gn 

ol, = S. 


DOI: 10.1051/978-2-7598-2903-3.c002 
© Science Press, EDP Sciences, 2022 
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Under the Lagrangian coordinates, t.e., 


s= | éd, t=1, 


system (2.1.2) reduces to the following system 


Nt = Ur, ) 
Ut = Or, 
1 
(c+ ze) = (ov — Q), — (Sz) p, (2.1.5) 
t 
ol, — n$, (2.1.6) 


where x € [0, 1], 7 is the specific volume (i.e., n = 3), v denotes the velocity, @ is the 

temperature, I represents the radiative intensity depending on the Lagrangian mass 

coordinates (a, f) and also on two extra variables: the radiation frequency v € 

R, = (0, +00) and the angular variable œ € S! := [-1, 1], o:=—pt+ ^ ds the 
0 


stress and Q:— -K7 is the heat flux with the heat conductivity x and u is the 


viscosity coefficient. Source term S in the last equation is expressed as 


S(x, t; v, 0) = 9,(v, ©; N, Dag 0) — I(z, t; v, o] 


 es(v; n, 8)[I(, t; v) — I(x, t; v, o], (2.1.7) 
where I(x, t, v) :— i I(x, t; v, @)dw and B is a function of temperature and 


frequency describing the equilibrium state. 
We define the radiative energy as 


I +00 
Ep =| i I(x, t; v, o)dvdo, (2.1.8) 
-1J0 


the radiative flux 


1 oo 
Fn =] | ol(a, t; v, e)dvdo, (2.1.9) 
-1 Jo 


and the radiative energy sourceradiative energy source 
1 +00 
(SE) p =| f S(x, t; v, o) dvdo. (2.1.10) 
-140 


We now consider a typical initial boundary value problem for (2.1.3)-(2.1.6) in 
the reference domain Q X [0, +00) = (0, 1) x [0, +00) under the Dirichlet-Neu- 
mann boundary conditions for the fluid unknowns 


v(0, t)=v(1,  =0, QO, t) 2 QU, t 20, Yt>0, (2.1.11) 
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and transparent boundary conditions for the radiative intensity 


Eo tiv, œ)=0 foro eE (0,1), Vt>0, (2.1.12) 
I(1,tv,@)=0 foroc(-1,0, Vt>0, 
and initial conditions 
n(x, 0) = no(z), v(x, 0) = u(x), O(a, 0) = O(z) on Q, (2.1.13) 
and 
I(x, 0; v, o) = h(x; v, œ) onQxR,x S. (2.1.14) 


Pressure and energy of the matter are related by the thermodynamical relation 
ej (n, 0) = —p(n, 0) + Opo(n, 0). (2.1.15) 


For the system (2.1.3) and (2.1.14), Ducomet and Neéasova [18] proved the 
global existence of solutions in H; (i= 1, 2). However, estimates obtained there 
depend on any given time T, so they could not establish the large-time behavior of 
global solutions in H; (i = 1, 2) based on their estimates. Moreover, in Ducomet and 
Nečasová [18], all estimates hold only for q = 2r + 1. Later on, Qin et al. [111] had 
improved the results in [18]. Recently, Qin et al. [109] have improved the results in 
[111] by establishing the uniform-in-time estimates of (n(t), v(t), A(t), K(t)) in 
Hi (i= 1, 2, 4), which hold for q and r satisfying (2.1.16). Furthermore, the system 
considered here is different from that in Qin [104], so our uniform-in-time estimates 
are also different from those in Qin [104]. 

We now assume that e, p, o and x are twice continuously differential on 
0 « y < +00 and 0 € 0 < +, and there are exponents q and r satisfying one of the 
following relations 


(2.1.16) 


and we suppose the following growth conditions: 


e(n, 0)>0, e(14- 0") € eln, 0) € C(1-- 07), 

—en ?(1-- 0*7) € p(n, 0) € — Cog ? (1 4-0! *7), 

lpa(n, 0)| < C3n (1 +0"), 

c(1+0'*") <np(y, 0) € C4(12-05*"), p(n, 0) <0, (2.1.17) 
0< pl, 0) € C5(14- 0 *"), 

co(1 + 0°) < x(n, 0) € Ce(1 + 0°), 

[is (11, 0)| t [qs (11; 0)| < C;(1 t 01), 
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and that the absorption-emission coefficient o,(v, œ; 7, 0) and the scattering 
coefficient o,(v; y, 0) satisfy the following conditions: 


noa(v, œ; n, 0) B"(v, 0) € Cs|o]0"*  f(v,) for m — 1, 2, 

0 «c. (v, o; n, 0) € Cy|o|" g(v, œ), 

[a + Ko), + a)l], x n, OL BO, 0) +|Bo(v, | +|Boo(v, )] S Golalh(v, œ 
0<o,(v; n, 0) € Cu|o| k), 

(o) y] + L2) ul + ICa), ©; n, OA + BO, 0) + | Bot, 6)]) < Craloll(v, o) 
ICOM t l(os)ol | (os) an |(c aay (os) ool] Cv; , 0) < Cislo|M(v, o), 


(2.1.18) 


where 0<a<r, the numbers ci, Cj, (i=1,...,7, j= 1,...,13) are positive 
constants and the non-negative functions f, g, h, k, l, M are such that 


i, 9, h, k, L, Me L(R. x SH) NL” (Ry x 8^). 


We assume that the viscosity coefficient u is a positive constant. In the following, 


we denote 
+00 
(a, t) =f fx x, t; v,@)dwdv 


for the integrated radiative intensity. In particular, 


Too 
(2,0) = To = ip fx x, 0; v, œ)dædv. 


Hı = {(n, v, 0, I) € H'(0, 1) x Hå (0, 1) x H'(0, 1) 
x L'(R, x St, H?(0, 1)) : n(x) >0, 0(z) > 0, z€ [0, 1], 
vleo, = 0, I|,-9 = 0 for œ € (0,1), I], ., = 0 for œ € (-1,0)}, 
Hi = {(n, v, 0, T) € H'(0, 1) x Hi(0, 1) x H'(0, 1) 
x L'(R, x S', H**'(o, 1) : n(x) > 0, 6(2) > 0, z€ [0, 1], v|,.54 = 0, 


We define 


0|, 9; — 0, I|,-9 = 0 for œ € (0, 1), 7|, ., = 0 for œ € (—1, 0)}, 1=2, 4. 


The main aim of this chapter was to establish the global existence and the 
large-time behavior of solutions in H; (i = 1, 2, 4) to the system (2.1.3) and (2.1.14). 
Nec: notation in this chapter will be as follows: L4,1 < q X +o, W™1, m € N, 
= W?, Hi = Wa? denote the usual (Sobolev) spaces on [0, 1]. In addition, I'll 
dui the norm in space B; we also put ||-|| = ||-|| sj, ;j. Subscripts t and z denote 
the (partial) derivatives with respect to t and z, respectively. We use C; (i = 1, 2, 4) 
to denote the generic positive constants depending on the ||(mo, vo, 0o; Zo) ||;,,; 
minsejo, 1] No(£), minzejo, 1) 0o(z), but not depending on t. 
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Our main results read as follows (see also Qin et al. [109]), which has improved 
the result in [111]. The next result concerns the global existence and asymptotic 
behavior of solutions in H1. 


Theorem 2.1.1. Suppose that (no, vwo, 0o, o) € Hı and the compatibility conditions 
hold. Under assumptions (2.1.15)-(2.1.18), there exists a unique global solution 
(n(4), v(t), O(t), I(t)) € L*([0, 4- oo), H1) to the problem (2.1.3)-(2.1.14) such that 
for all. (a, t) € [0, 1] x [0, +00), 


0< Cj! xn(z, t) € C, (2.1.19) 
and for all t > 0, 
= zi? 
IIa) — ls + MC Is + [10 CO) -Ollia + LOI ia n toy) 


t 
+ fn Allan + lole + [18 — 9l. + l0) (9) ds 


t 1 coo 
+ n | / f I? dwdvdads < C4. (2.1.20) 
0 J0 0 ot 


Moreover, we have, as t > +00, 


In 5s 0, dels 0, [[6(0) — 9] 9, ICH n sro 7 9 
(2.1.21) 

where = fo n(x, t)dz = i nodt, 020 is determined by e(7,0 eju 

e(no, 0o) + Fa (0)) de. 


In the next theorem, we shall establish the global existence and asymptotic 
behavior of solutions in Ho. 


Theorem 2.1.2. Suppose that (no, vo, 0o, Io) € H2 and the compatibility conditions 
hold. Under assumptions (2.1.15)-(2.1.18), there exists a unique global solution 
(n(t), v(t), O(t), I(t)) € D*([0, +00), H2) to the problem (2.1.3)-(2.1.14) satisfying 
for any t > 0, 


E 5112 
la — ne +O + [00 — Ollie + Or, ro + luO? 
t 
UD 
+ I0 + n (Il ell” + Oal? + | — Ol] ys + lollie 


+ ln —Mli)(s)ds < Cs. (2.1.22) 


Moreover, we have, as t — +00, 


In) — las 0, lle) o MO- Ol p> 9, CDM n conus) 9 
(2.1.23) 
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Theorem 2.1.3. Suppose that (no, vo, 0o, lo) € 4 and the compatibility conditions 
hold. Under assumptions (2.1.15)-(2.1.18), there exists a unique global solution 
(n(t), v(t), O(t), I(t)) € D*([0, +00), H4) to the problem (2.1.3) and (2.1.14) veri- 
fying that for any t > 0, 


In — ees + Mn Ollie + Ma CO Mns + le Mrs + Mo CO 


Al 2 
+O — Oli + OCA) are + MO COT MTS n xs ro) 


t 
d I (lin — ml + lel 


2 


a + lvli + lonla + |0- 0|. 


+ Mellie + l8 ) (S) ds < Cu, (2.1.24) 
: 2 2 2 
f (Wells + nalli + llall (s) ds < Ca. (2.1.25) 


Moreover, we have as t > +00, 


In — "lg. 9, Olla 0, oc) 7 Ale 0, ZC) Il vce, x 81,45(0,1)) 7 0, 
(2.1.26) 
where 7 = font (a, t)dx = i nadz, 0 > 0 is determined by e, 0 exe 5% + e(no, 
0o) + Fr(0)) dz. 


Corollary 2.1.1. The global solution (n(t), v(t), O(t), T(t)) obtained in theorem 2.1.3 
is, in fact, a classical solution such that as t — +00, 


— 0. 


I] (n( )-m"],v (t), 0(t) — 0) || (œ+ 3(0,1))3 3 0, MC Jl pn scent oy 


Remark 2.1.1. Theorems 2.1.1—2.1.3 also hold for the boundary conditions (2.1.12) 
and 


v(0, t) = v(1, t) =0, (0, t) = 0(1, t) = To = const. > 0, 


where 0 can be replaced by Tp. 


2.2 Global Existence and Uniform-in- Time Estimates 
in Hy 


We note that the global existence of solutions in Hı has been established in [18]. 
This section will study the global existence and asymptotic behavior of global 
solutions in H1. To this end, we shall first establish some uniform-in-time estimates 
in Hı. 
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Lemma 2.2.1. Under assumptions in theorem 2.1.1, there holds that 


O(2, t)>0, V(x, t)€[0, 1] x [0, +00), (2.2.1) 
1 1 
I n(x, t) dr = J No(x) dz = No; Vt 0, (2.2.2) 
0 0 
1 
| (0+0'*"\(x, dr< C, Vt>0, (2.2.3) 
0 


[i log0 — 1) 4-0! * " + v?](z, t) dz 
0 


t 1 2 2 
(140202 w 
(Fo eG <C. 2.2.4 
+f j ( et gà (x, s)dxds < C (2.2.4) 


Proof. Inequality (2.2.1) is a consequence of the generalized maximum principle [3] 
and one can find the proof in [19-21]. 

Integrating (2.1.3) over Q, = (0, 1) x (0, £), and using the boundary conditions, 
we can easily deduce (2.2.2). 

From (2.1.6), (2.1.9) and (2.1.10), we can infer 


(Fn), = (Sz) p- (2.2.5) 


Inserting (2.2.5) into (2.1.5), we arrive at 
1 
(c+ z”) = (ov — Q — Fp), (2.2.6) 
t 


Integrating (2.2.6) over Q; and using boundary conditions (2.1.11) and (2.1.12), 
we have 


1 1 t » 1 1 
1 e+ zv (x, t)dr+ y Frito ds = n eg + =u | (z)dz. (2.2.7) 
0 2 0 0 2 


Using (2.1.12), the contribution of the radiation term reads (see, e.g., [18]) 


t tp ptoo pl +00 po 
I Fpl} ds =| if I ol(1, t; v, o)dodv -f 1 wI (0, t; v, o) dodv| ds 
0 o Lo 0 0 zi 


2 0, 
which, together with (2.2.7), implies 


[ (c+ z”) (x, t)dz € C. (2.2.8) 
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Combining (2.2.8) with (2.1.17) yields (2.2.3). 

Noting that radiative term 5(Sg)g appears in (2.1.5), our estimate (2.2.8) is 
different from the one in [17] where there is no radiative term. 

We define the free energy y: = e — OS with yg = — Sand y, = — p with the 
specific entropy S. Let us consider the auxiliary function 


E(n, 0) := Y(n, 0) — (1, 1) — (n — Dv, 1) — (0 — 1)yo(n, 0). (2.2.9) 


We have the following estimate (see, e.g., Ducomet and Neéasova [18] for details) 


1 1 tpl fu? +00 
| (e+ ;") dz + | n (Ses £ IE [ [ af | c,Idodvdads 
0 2 o Jo \n0 ET 0 gi 
t +00 1 +00 
+ n Jj | ol(1, t; v, ojdodv- f l œl (0, t; v, o)dod ds € C. 
o Lo 0 0 -1 


(2.2.10) 


Using the Taylor theorem and the definition of E(z, 0), we can conclude 


E(n, 0) 5 wn, 0) + y(n, 1) + (0 xd 1)Wo(n, 0) 
= y(n, 1) E y(i, 1) = y,(n, 0) 


=(n- vf (1 — Ou, dé — 1), 1)d£ 2 0. 
Thus, 
E(n, 0) > h(n, 0) — Y(n, 1) — (0 — 1)ho(n, 0) 
-(1 -0 [ (1 — t)Woo(n, 0+ (1 — 0)) dt 


0 


s cao f € elad k - 905, 


0 0 4-x(1 — 0) 
= C, 1(0 —log0 — 1) + a + a, for r > 0, 
2C, !(0 — log0 — 1), for r — 0, 
-»0(0—lg8—1)-Cj10*!— cyt. (2.2.11) 


Combining (2.2.11) and (2.2.10), and using (2.1.17) yields (2.2.4). The proof is 
now complete. 


The following two lemmas concerning the uniform-in-time estimate of specific 
volume 7 play a very crucial role in this chapter. The uniform-in-time estimate is 
different from the one in Ducomet and Nečasová [18], where estimates are dependent 
on any given time T > 0. 


Lemma 2.2.2. For any t = 0, there exists one point zy = x(t) € [0, 1] such that the 
solution n(a, t) to the problem (2.1.3)-(2.1.6), (2.1.11)-(2.1.14) possesses the fol- 
lowing expression: 
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1f =i -1 
n(z,t) = D(z, nzofi + a! n(z,s)p(z,s)D (z,s)Z (s) J (2.2.12) 
where 


D(x, t) = no(z) EE TM u(y, t)dy — n vo(y) dy 


g = [wo f mandi) b (2.2.13) 


Z(t) -eo[- f [+e I (2.2.14) 


Proof. The proof is the same as that of lemma 2.1.3 in Qin [104]. But for the book's 
self-contained, we copy its proof here. Let 


h(a, t) = n u(y) dy + [io tT) dt. 


The from (2.1.13), h(a, t) satisfies 


h,=v, hc (2.2.15) 
and from (2.1.11) it solves the equation 
has 
haapt = (2.2.16) 
n 
with 
z—0,1:h;—v-0. (2.2.17) 
Hence we derive from (2.2.16) that 
(nh), = hv, — np + uh. (2.2.18) 


Integrating (2.2.18) over [0, 1] x [0, ¢| and using (2.2.17), we arrive at 


1 1 t pl 
- = 2 = 
f nhdz = n Noho dz n f (np4- v)dzdx = $(t). (2.2.19) 


Then for any t = 0, there exists one point 2, = q(t) € [0, 1] such that 


$(t) = | yhde = f nde- hlas (t), t) = To- h(a (1), t), 


0 0 


ae "n(0,t) _ 6 
] rawas [ vo(y) dy + ulog mola) 3m (2.2.20) 
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with 
t 12 1 € 
p(t) = -f n (v? + np)(2, s) dads + n wo f u(y) dydz. (2.2.21) 
0 Jo 0 0 
Moreover, (2.1.4) can be rewritten as 


v; — ulog n)a = —ps = P; (2.2.22) 


with p* = p— h p(x, t) dz. Integrating (2.2.22) over [z (t), 2] X [0, t] for fixed t > 0, 
we get 


 nolæ)n(a (t), t) 1 z 
me n 5) e [a [nd ona 


+ [ (p(2, v) — p(ax(t), oye \ (2.2.23) 


Inserting (2.2.20) into (2.2.23) and noting (2.2.13), (2.2.14) and (2.2.21), we 
conclude 


1 t 

n(x, t) ex{ > f p(z, s) J I^ C EO) (2.2.24) 
0 J0 

which implies that 


1 l 1 t ji = 
SE p(z, s) is} =1+ fede D (z,s)Z (s)n(z, s)p(a, s) ds. (2.2.25) 


Thus (2.2.12) follows from (2.2.24) and (2.2.25). 


Lemma 2.2.3. There holds that 
0< CO7! <n(z, t) < C, V(z, t) € [0,1] x [0, +00), (2.2.26) 


t 
^ le(s] .ds& Ci, Vt>0. (2.2.27) 
0 


Proof. Let 


M,(t) = max n(z, t). 
zx€[0, 1] 


Using the Young inequality, the Hólder inequality and lemma 2.2.1, we get 


T x 1 1 q 
Jot [wave = [ns f wada 
ay (t) 0 No Jo 0 


1 3 1 2 4 f 1 j 
< (/ Pav) + fi zm) + =f No(2) (/ say) dx 
0 0 No Jo 0 


< Gla? asa. (2.2.28) 
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Equations (2.2.28) and (2.2.13) yield the existence of some positive constant 
C, > 0 such that 


0< CT< D(z, t) < C, V (x,t) € [0, 1] x [0, +00). 
From (2.1.14) and (2.2.1), we deduce 


1 1 1 
f Q? + np)(2, t)dx> n np(z, t)dz 7 n (c0 *7)de» Ot, Vt» 0. 
0 0 0 


(2.2.29) 


Using lemma 2.2.1, we get 
1 1 
| (u? +np)(2, t)dz < ||v||? + a f (14-0!*"7)dz« C, Vt>0. (2.2.30) 
0 0 


Thus, from (2.2.29) and (2.2.30) it follows that for all 0 < s < t, 


C I (t- sx I J (v? +np)(z, s)dzds € Cy(t — s), (2.2.31) 


which, together with (2.2.14), gives that for any 0 € s < t, 
E TES EnS 
e 0079 < Z(t) Z (s) = of- f 1 (v + np) (y, I Ere We 
Mig Js Jo 
(2.2.32) 


It thus derives from (2.2.4) and the convexity of the function — log y that 


1 1 1 
ade — los | 66-1 [ (0 —log0 — 1)dr € Cı 
0 


0 0 


which results in the existence of a(t) € [0, 1] and two positive roots of the equation 
y —logy— 1 = Ci such that 
1 
0<n< O(a, t) dz = 0(a(t), t) € r. 
0 


This gives, for any t > 0, such that 


T 1 
[0^ (x, t) — 0" (a(t), t)| = i (0™ (x, t)),dy| € af 071-110, da: 
a 0 


( 


11-01, 27 pl gm 2 
< I ERES 
s“ (/ "m ar) (/ Ty ix) 


< o V3(t) Mi() (2.2.33) 


where V(t) = fo L0; dz and 0 < m, € m = (q + r + 1)/2. 
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Then for any (zx, t) € [0, 1] x [0, +00), we get 
Cr! — CT V(t) M,(t) < (s t) < Ci + C1 V(t) M, (t). (2.2.34) 


Thus we conclude from lemma 2.2.1 and (2.2.32)—(2.2.34) 


n(x, t) = D(z, t) [zo + " n(x, s)p(z, s) D | (a, 302^ (9d 


t 
saletta f as VMs 
0 


t 
«CT a f M, (s) V(s)ds, 
0 


t 
MASAO f MIo)V(sds 
0 
which, with (2.2.4) and using the Gronwall inequality, yields 
M, (t) < &. (2.2.35) 


Using (2.2.12) and (2.2.32), we find that there exists a large time tọ such that as 
t2 to, z € (0, 1], 


n(z, t) = D(a, pz "i n(x, s)p(z, s) D (a, 327 (ys 


t 
> Ge feos | e (t-s) is 
0 


> o? f £982 20). (2.2.36) 
Note now that D(z, t) > C, !, Z(t) > exp(— Cit) and infer that for any (x, t) € [0,1] 
X [0, to], 
n(x, t) > D(a, t)Z(t) > Cl* exp(- t) > Cy! exp( Cito), 
which, together with (2.2.36), gives that for any (x, t) € [0, 1] x [0, +20) 
n(a, t)> C. (2.2.37) 


Combining (2.2.35) and (2.2.37) gives immediately (2.2.26). 
Using the Hólder inequality, (2.2.26) and lemma 2.2.1, we obtain for any t 2 0 


t ty pl tf plap 1 
n || v(s) ||}. ds < | (/ jd) ds < n (/ 1) (J pda) ds < Ci. 
0 0 \Jo o o 0 0 


'The proof is now complete. O 
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Corollary 2.2.1. /f assumptions in theorem 2.1.1 hold, then there holds 
C, — GV V(t) X "(z, t) < C + C1 V(t), (x, t) € [0, 1] x [0, oo), (2.2.38) 


where 


1 qd) Q2 oo 
v= | Lee J£; a, i V(s)ds € €. 


Corollary 2.2.2. If assumptions in theorem 2.1.1 hold, then there holds that 


[^ 1 
| p (14+ 0)" vdrds<C,, Vt>0. (2.2.39) 
0 


Proof. Using the Poincaré inequality, lemma 2.2.1 and (2.2.38), we obtain 


If (14- 0)?"v tassa f f ease ff f v s) v? dads 
o Jo 


<ara f V(s)ds € Ci. 
0 


'The proof is now complete. O 


Set A= sup |]0(s)||p.- 
O<s<t 


Lemma 2.2.4. If assumptions in theorem 2.1.1 hold, then the following estimates hold 
for any t > 0, 


A 1 
ln. COT + 1 [ (1+0'*)pPdnds< C(14 Ay’, (2.2.40) 


t 
n ll. Cs) ds < Ci (1-- A972, (2.2.41) 
0 


with p = max(r+1-— q,0). 


Proof. Obviously, equation (2.1.3) can be written as 


(e = n) + Dalle = —po6.. (2.2.42) 
t 


Multiplying (2.2.42) by (v- ut) and then integrating the result over 
[0, 1] x (0, t), we have 
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2 t pl 2 
tel 4 i n CEP deds 
0 JO n 
na fip n 
ue -f | [nens P08. (: m 23] dads. 
0 JO n 


Now using the Young inequality, (2.1.17) and lemmas 2.2.1-2.2.3, we can infer for 


any € > 0, 
+f fo + 0^ * "yi dads 
0 
Kr [ [nein Qe o (»- nE) || ars 
o Jo 
t pl 
dc PEL LE 
0 
e? 4 0n? i 
«(f v V(s we) ( [5 VEN Ot dide) 
a - oye 
+ (1+0'+") tasso f [f drd 
A yn; dzds + C ig rds 


«OG L Vas Bef A (ee) UM 2 duds 


I vigiinaste f f 0" * y? dads 
0 0 Jo 


t 1 
+a f 7 (1+ 0^)|0,n; | dvds (2.2.43) 
0 0 


Up — 


with ô = max(r + 1 — 29,0) < f. 
Now we estimate the last term in (2.2.43). Using the Young inequality and 
lemmas 2.2.1—2.2.3, we can conclude for any € > 0, 


t 1 i € t 1 1+0? 
1+0 ondes f 1 4- 0 * "nu? deds + C (€) off! SEO du 
[fi Monds Sf f n ER 


t 1 
ud sf | (1 a git "yi dads + C, + C, AP, 
0 J0 


which, together with (2.2.43), yields 


2 t pl t pl 
+f f (10 yypdeds c f | (14+ 6'*")y? dads + C(14- Ay. 
0 Jo 0 Jo 


v- 
n 


Thus for small € > 0 in the above inequality, and applying the generalized Bell- 
man-Gronwall inequality, we conclude (2.2.40). 
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Multiplying (2.1.4) by v, integrating the result over Q, and using the Young 
inequality, lemmas 2.2.1—2.2.3 and (2.2.38), we derive 


sf vas [fe G eds 
0 0 
1 
-if e-[[ (Pana + po9,) vdxds 
0 


s n a (1+0'*")|n,0] + (1+ 07)0,o]] dads 
0 0 


t pl 1/2 t pl 1/2 
<+ (/ n dioe (/ n (140!*") ands) 
0 
1/2 
«a(f f EVIL I A Pos Í 
IFO eds 
< GAP? + CAP? < c + CLAPP 
which yields (2.2.41). Thus this proves the proof. 
Lemma 2.2.5. There holds that for any t > 0, 
t 
los f Iesse GA), (2.2.44) 
0 
t 
[ ihi ess a e ph (2.2.45) 
0 
t 
lv CD]. + ji lv) ds € C\(1+ A) ^ (2.2.46) 
0 


with 


w 
TO 
= 


fy = max [r1 max(2r+2- 4,0), B-1t» 


3 3 
b; = max r414 8 max(2r+2— 4,0), 7 fi + 1 


Proof. Multiplying (2.1.4) by v,,, and then integrating the resultants over [0, 1], we 


get 
zi ll / | j 16 : | 
=— || vl = Pr Us, dL — f], Us + = Verr | Ure dL, 2.2.47 


i.e., for any e > 0 
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DOES n dius C ds 


t 1 
eae a f n lr, us vss | + (127 01* 7) |n, Ure] + (1+ 07)]0,,, |] dads 
0 0 


t 
«osa f f teissa f [i (1 4- 0! * "i? dreds 
0 0 
t pl 
+a f f aora 
o Jo 


t 1 t 
€ C1 Q4 Ay?! | f (146+ ")Pdeds+ C n Iles el ds 
0 


dd yf ea -- 6)" 
raf [€ (140% dads 


t 1/2 i 1/2 
er eee e.(s) Pas) (/ D) 
0 0 


e + oy" 
1-407 


+ C, sup 


<s<t 
MEss Lx 


< Git Guitar C A)? C (1 | Aser He) 


t 
a I lvæ(s)|?ds 
0 


t 
< atA +e f loss (s) ||. ds, 
0 


which gives for small e > 0, 


t 
lull? + f los C] ds & C+ A)^. (2.2.48) 
0 
'Thus 
1/2 + at 1/2 
[ lu.) (sas e Cf le TOI Pas) (| D) 
« O(1+ A)”. (2.2.49) 


Multiplying (2.1.4) by v, integrating the resultants over [0, 1], and using lemmas 
2.2.1-2.2.4, we get 


1 1 p uN! u 
lv. = -f p, v, dr n [8 1], Us À ^ ud u,dx (2.2.50) 
0 0 
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Integrating (2.2.50) in t gives 


leot f loss) | ds 


t t 
£54. a f Ipae f vel $s dds 
0 


t 1 1g 1 0)" & 1 04 
EO c af n (1-- 0! * "yg? dzds + af fa = al + ) 35 
0 0 


1+0! e 


n [ 1/4 
dt np on n itas) ( [ Iv) 
O<s<t 0 0 


< GA) FP GU Aere a0) de Ci (1 + A) * 88 
E OU AY 


Corollary 2.2.3. If assumptions in theorem 2.1.1 hold, then the following estimates 
hold for any t > 0, 


t 1 
rin (14-0)? v nds < C, (1 4- A)", (2.2.51) 
0 0 
t 1 
If (14-0? * 2 dads < Ci (14- A^ +, (2.2.52) 
0 
i 1 
J | arom efasiss ea e vh. (2.2.53) 
0 0 
t 1 
J | ao ies a e ay", (2.2.54) 
0 


where 
1 —3r-1 

ô, = 4max(g — 3r+1, 0), b = max (1—0), 

By = Or + A fs — max(q—r, 0) + 4E, 


4’ 
Bg = min(o2 + 2f, Bs). 
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Proof. Using corollary 2.2.1 and lemmas 2.2.1-2.2.5, we can derive 


t pl 
i (14- 0)" dasise f || vz|| tase f v V(s)|v,| ds 
0 Jo 

(1 


€ O(1+A)?+ G0 4 A)" 
< Q1 - A)^. 


Note that 


t 1 
] | a9 v? dads < ( ata) f ft (1+ 0)?" v2 dzds 
0 J0 0 


< C(1 +4) art 


t 1 
f | arom fads aA "ff: (14- g)K* Dy P dads 
0 0 0 
S t 3 
«Gg A) n loda f Vi 
< GE A^ sup Ios men T 2i U | vel as) 
s€(0, £ 


+ QUA 1 oat otf || Vee || 2 


Á C -- A)^ 1 


where we have used 


t t ; ; t - i t a 
[ ias f andes s a( | tthe) ( f Ielas) 
< C, sup Jue) cn( li TY 2i ( [ el 2i 
se[0, £ 


< ee v 


t pl à t 3 t , " 1 
| n V(s)llo. deds < I V(s)!llex|l2sds< Ci fi V(Ylbulfloss leds 
0 0 0 0 
t ijt i 
«a( ^ V(s)ds) ( i het) 
mu [ TN 2i 


< aun Pi = O14 A) 


<C a |lve(s8) 
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and 

t pl | t pl 
f | aote ae (14- 0" v! dads 
0 J0 


es e (1+ V(s)?) vi dads 

Pind ( f. venas) 
XD othe) | 

«Gt e AP sup belo? ( f joslas) (inate) 
+ sup oC (f Ioas | 


« C 4 A)” [a + AYO 4 (1 +Ayh| 


l 
2 


< CLA) SAC 
However, we also know that 


t 1 t 
[I (1 +0)" vi duds < C,(1 + A)" p TT 


t 
cote ayer” | uto 
0 


s aam f ara) ( [ Inala) 


t i 
< GL e A)" "sup om | Ioas) 
s€(0, t] 0 


(frc) 


« C (1c A)mman n0 HP C+ AYP, 


Therefore, 


t 1 
| | (14- 0) "v! dzds € Ci (1 4- A)Ps. (2.2.55) 
0 0 
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In the next lemma, we shall derive new uniform-in-time estimates on radiative 
term I(x, t; v, œ) given in the following lemma, which are more complicated, 
delicate than and quite different from those in [111], where estimates are not 
uniform-in-time. 


Lemma 2.2.6. There holds that for any t > 0, 


t 1 oo t 1 oo 
1 f I f vc, I? dwdvdards + I I n | vo,(I — I)! dodvdzds 
o Jo Jo Js o Jo Jo Js! 


oo 1 
+ n | vo I (x, t; v, o) dodv < a f 0 ** de « C, (2.2.56) 
0 Jg 0 
i: f I(x, t; v, œw)dædyv € C. (2.2.57) 
0 gi 


Proof. Multiplying (2.1.6) by J, integrating the result over (0, 1) x S! x (0, 00) and 
using boundary conditions (2.1.11) and (2.1.12), we get for any € > 0, 


25 [er (Ltv o)dodv=5 [^ nc (0, t; v, o) doodv 
0 Jg n 
+f T [nePaodvacs f l J ned - Dedodvas 
o Jo Jg 0 Jo Jg 
1 o0 1 oo 
<a f n ni n | no, D? dodvdz 
o Jo Jg 0 Jo Js 
1. oo ii oo 
«a f tae | I, flv.c)deodv-+e | Í f no, I? dodvdz 
0 0 0 Jo Js 
1 
< C(e) foarte f [ I, no, D? dwdvdx 
« dee i | NO q P dodvdz. 
0 gl 


Similarly, we also deduce that 


1 oo 1 
Í | | n(o4 + o.) P dodvdx < n 0 * * dr & C. (2.2.58) 
o Jo Js 0 


In order to derive (2.2.5), we consider now the following integro-differential 
equation 


oF Ia, tiv, o) = neuer os, OIBO, 0) — Ia; v, 0)] nos 3.0) 
T 


x [E(a; v) — I(z; v, @)] on Q x [0, t] x Ry x St, 
I(0,t;v,@) 20 forallo € (0,1), 
I(1,t;v,o0) 20 forallo € (—1,0), 
I(z,0;v,o) = (2; v,@) on Q x Ry x St. 


(2.2.59) 
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Solving explicitly the ordinary differential equation and using boundary condition 
(2.1.1), we arrive at (see [19] for details) 


lea. Gs) ae 
a ele ig Bie Ddy for aloe (0, 1), 
I(x, t;v,@) = wer (2.2.60) 
Y nea + os) Gs 
-f ale J(s,B-e,l)dy for allo (1, 0). 


Using the Young inequality, (2.1.18), (2.2.3), and (2.2.56), we have for all 
1), 


f D Idvdo 
0 Js 


co YO Py non os) x 
= | | ( ai > ^7 (e, B-- e.1)dy) dvdo 
o Js \ So 


1 
n S 
(0B + c.l) dydvdo) 


gi 


1 1 oo 1 E 
NELLE 4 wh goU — I+ I)dwdvdz 
0 si Co 


(G-r? co. | dodvdz 
0 0 Js! P 


1 
<C | 0 **dz« C. (2.2.61) 
0 


1 
< a f'e 07 * da + C, 
0 


In the same manner, we have the same result for all œ € (—1, 0). This completes 
the proof. 


Obviously, we can obtain the following result by lemmas 2.2.1 and 2.2.6. 
Lemma 2.2.7. If assumptions in theorem 2.1.1 hold, then there holds that for any 
t> 0, 

" t pl 
82-0 *7 + o| «f n (14-0)! "8 dads € Ci (1 4- A^, (2.2.62) 
0 Jo 


where 
Br = max(2r +1 m 2q, 0), 


Ps = max [5,5 (B+ max(2r-- 2 — q,0)), q-- 14 p, 2h f5-- Bo r1 


4? 2 i 


max(r — q,0) + P. max(q- r,0) a 
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Proof. Multiplying (2.1.5) by e+ $v’, integrating the resultant over [0, 1] x (0, £) 


and using lemmas 2. 


]O(t) 2-0 *"(0) + 0? | 


t pl 
cata f ( 
0 JO 


1 
+ 0)1*"*110,n, | dads + af ‘| (1+0)"*'v|v,| dads 
0 JO 


t pl 
«affa 
o Jo 
t pl 
«affa 
o Jo 
1 


t 
+ 0)" |vv,0, | dxds + C, 
0 


2.1-2.2.6 and (2.1.15), we get 


topl 
hie: n n (14-0)! * "0? dads 
o Jo 


t 1 
146)" o, dde C. | nc 0)?" *?|on, | deds 
0 0 


i 1 
4-0) * ! vv, | dads + a f n (14- 0)" |vv,O, | dxds 
0 0 


dads 


ense 32) 


(2.2.63) 


Similarly to those in [104], we have estimates of Di, D», and Ds, for any e > 0, 


Dı < 
D< 


D; < 


t 1 
f f (1+0)!* "€ dads + C, (€) (1 +A), 
C1 4- AK B+ inc 


f [ (14+0)2*"@drdst+ Cy (c) (1 4- AP ttt.. 
0 


Here we only give estimates of D;, (i = 4, 5, 6, 7, 8), for any € > 0, 


i 1 
nia(f aeo" vé dads) (qf (12-0) *7*wdads)' 
0 J0 0 


< C(1+A)* sup ||( 


<O(14 


Jl Hs pal vdeds) 
s€(0, t] 
- A)* sup ||s(s IF ( dae (14 0)" v dads) 


s€(0, t] 


m 


Ds< Gi( rp 14-8) idzds) Yo f« (5 t! dads)? 
0 0 0 


< G4 


< Gr AXCS [ vtt. [ v dads) 
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t t pl 
Dise f n (1 4- 0) * *0? dads + C of | (1+ 0) * v v? dxds 
o Jo 0 Jo 


t 
< Ji | (1 + 0)" * 90? dxds + C (€) (1 4- A)mesir- «0 +9 
0 0 


t 
nz] (1 -- 0) * *6? dads + C: (e) of [« (1+ 0)" "v? v! dzds 
0 J0 


t 
<e | ^ (1 4-0) * 16? dads + Cie X (+A) r,0)+ 
0 


At last, we use corollary 2.2.1, definitions of S and 7, (2.1.17) and (2.2.61) to get 
i 1 1 
Dg € | n n n(Se)a( e+ 50) dxds 
d Lx et 50 X. p iB Davos f [ e, — D) dedos) ded 
0 
l 5 
< n n| e+ zv eB — I) dvdodzds| 
o Jo 2 -1 Jo 
t 1 1 1 oo 
< n | Jes ze) J n c. (B — I)dvdo) deds 
o Jo 2 -1 J0 
t 1 1 1 oo 1 oo 
« | e4 lv / 0! * *fdvdo + ri n c, ldvdo |duds 
E f / ( 2 X -1J0 ^ -1 J0 1 ) 
t t 1 
<a f V(s)ds + a f DAGI 0 ** da + Ci) ds 
0 0 0 
t ] t 
«af (V(s)+llix)ds< a f lollvlds 


«G4 MEETS! 


Sem 


Inserting estimates of Dj, D», D3, D4, and D; into (2.2.63), using the Young 
inequality and taking e > 0 small enough, we conclude 


t 1 
leo ot el f f (1 4- 0)! * "O2 deds < C,A*. 
0 J0 


'The proof is hence complete. 


In the next lemma, we shall prove the new uniform-in-time upper bound on 
temperature 0(z, t). The difficulty of the proof is how to derive the uniform-in-time 


estimate on the last term fy font Sg) y K,dxds in (2.2.67) below. 
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Lemma 2.2.8. If assumptions in theorem 2.1.1 hold, the there holds that for any 
t> 0, 


1 t 1 
f arenee.oac+ f T (14- 01* "0? duds € C,(1+ A), (2.2.64) 

0 0 40 
ASQ (2.2.65) 


where 


By = {2 max(q — r,0) +28 + Ba, max(q — r,0) + B+ (Bg +B, + 1)/2, 
max(q — r,0) + B+ (Bs + Bo) /2, max(q — r,0)}, 
fio = max(max(q — r,0) + q+2+ f,2max(q— r,0) - r 4-24- 2p, 
max(q — r,0) + 8+ (fy +r +3)/2, max(q — r,0) -- B -- (Bg +r+2)/2, 
(max(q — r), 0)}, 


fi; = min(fs, Bio), 

By = [met r,0)+ßı+ßs max(3q+2-— cele h eet 
2 2 ? 2 i 

fao ma [SEE Th HLEA, 

Big = min{ $12, Bis}, 


5 = max(f +1, Bs, Be, Bir, Bis, max(2q + 2, B,)}- 


To 


Proof. Let 
0 
Kuno) = f EU i 
0 n 
t 1 1 
xo- ff (14-01 )0? dads, v f (14- 9)? dz. 
0 0 0 


'Then it is easy to verify that 
K KO, K 
Kı = Kus + mU Ky = + Kyn Uy + [— 1,0, + Ky Ure 
n Nji NS n 
We know from (2.1.18) that 
|K + Le Ez ee! ED geo. 
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The equation (2.1.5) can be rewritten as 


0, 
eg; + Oper, 2 = (=) n (Sg) p- (2.2.66) 


Multiplying (2.2.66) by K; and integrating the result over [0, 1] X (0, t), we arrive 


a 0 
[ft e00: + Ópgu, — Ë v? yes [ S N is (- Uy) 
0 q 0 


K 
ote Ky Vena + Ky Vex + (7), 4: rM dzds = 0. (2.2.67) 


at 


Now we estimate each term in (2.2.67). Similarly to those in [104], we have 


t pl 
n | eB, K,dzds > C, X(t) — (1+ A^ *1, (2.2.68) 
0 Jo 
In (0 Mo) dad] < Ax By, +1 
(0pov: — Cea (ce A) 
0 
+ OL A) + O14 A), (2.2.69) 
t £10, (KO, 
2 . . 

Il i “(== " t) dads > Y(t) - &, (2.2.70) 


t pl 
0, 
n Í “2 (Kite + Knotts) dads 
o Jo ^ 


t pl 
«af f (1+ 0)4*110,v.. + Orvel dads 
0 


«€ (+A) jJ XN Uh (1+0)"*"O2drds) LL dads) 


AA) 9 (qf (1-0) "02 dzas)' T I ? dvds)’ 


max(3q + 2—r,0) + By +Bg max(3q4-2— ro) 0) + Ba + B+ Bs 


<C(1+A) 3 +AA 
C(14- AP». 
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On the other hand, it is easy to verify 


t 1 0, 
d n is (Kv, + Ky st.) dads 
o Jo ^ 


t 1 
<a f f MP et 0,v,, | dzds 


E 102 
<Q(1+A) UL 01 CHOO gg! JE deds) 
0 
rem j 
"eC fe aa (f -— 
0 0 


-G( 
3q4 fl ms 
<O(1+A) * +C,(1+A) * 
« Q4 Af, 
Therefore 


1 
0 
(Ky tre + Ka, Vette) dzds| € C(1-4- A). (2.2.71) 


Now we estimate the last two terms in (2.2.67). First, by lemmas 2.2.1—2.2.7, we 


have 
E ),mrdeds| < C [ 1 aaa) 95, 0,|deds 
0 n 
«xoa f [ (5 (S) GETE "n? dxds 
C Aymax( r,0) 4 ui KO, 
< X(t 1 — ds 
< A XQ) ANHA) ER 
1 t K0 5 
E dea oet nn? n |< 
0 


KO, He (se) ao 
NER X(-- AQAP 


t pl 
x [aie aye | f (1-- 0)1* "0? dads 
o Jo 
t 1 . 1/2 
«qi (1+0)"*"62 drds) 
o Jo 
t K0,\ |? 1/2 
x reor J dads i 
Ores 
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which, a with (2.2.66), lemmas 2.2.4, 2.2.5 and corollary 2.2.2, leads to 


5.) glabra 


an X(t) + em rO +EH Ot p AS Ee r,0) + B+ Bs/2 


* orf fi [a+ v 4 (1-70) "v; (14 07 (5 tats} 


< C xu) e Ape 0) - 2f 4 Ps Gg Aye q—7,0) + B+ (Bg + B4 +1)/2 


4 
EN C (1 + Aymaxa7r0) + B+ (Bs + Bo)/2 EN Cg Aj + B+ By 
Ci 
< ^ X(t) -- A+A)”. (2.2.72) 


However, we also know that 


E 


) i 0 duds 


dl ae (=) ET "n? dzds 
0 


< C XQ) Ga e r0) +f 


"n cetus f f ( (14-8)! 


< ay ( D4- Uis p A) nen r0) BEC V(s)ds 


+([ v(34s)  ( (f [ earo (=). dads) | 


eee 4202 Ae r,0)+q+2+ 8 


T. cas} 


pr c3 pu 


L X(t) + QU 4e Arner ase ae GULA eem Ferte 


enel Ay uu A0 SIE REQUE OL EASE OTB (+24 Be) /2 
C e Aysexte-ro) 
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Next, we estimate the last term, 


"E (Sz) yai e [^ f A [ie avus) | K;| dxds 
ff TN i no .ldvdo) | K;|dxds 
o JO o Jg 
t 1 oo i 
«f n (f | no,|T — I|dvder) |K;j| dads 
0 JO o Jg 


=P+Q+R. (2.2.73) 


Using (2.1.18), lemma 2.2.6, the Young and the Hólder inequalities, we conclude 


t 1 oo 
pis ff $i nm J| Ko, 
Si 
«a f TE (14- 021*1**)|o.|dzds + af n (1+ 0? * *)|0,| duds 
0 


X(t) uA T 


t 1 oo K 
« c,ldvdo | | K,v, + —0 
ex fff frati) p zo 

1 1 oo i oo z 
< a f n (/ " v.d) (/ | ve, dos) (14- 0 * j|, |drds 
0 JO o Js! o Js 
t 1 oo i oo i 
+a f | (/ i nodod) (/ | 1e, dod») (14- 04 * |0,|dzds 
0 o Js! 
<C(1+A) pu [ lv, ^ dads + eX(t) + C(e of [ oi I, no, dodv) 
0 


Sek) Gita, 


dads 


< 


^g 


dads 


Using the same technique, we also get 
1 j 
R< s: X(t) C Amax(q—r,0). 


Inserting estimates on P, Q and R into (2.2.73), using the Young inequality and 
taking e > 0 small enough, we derive 
X(t) - Y(t) € G(1+ A's. (2.2.74) 


By lemmas 2.2.1-2.2.7 and the Hólder inequality, there exists a point a(t) € [0, 1] 
such that for any t > 0, Jm O(z, t) dz = 0(a(t), t), we can hence deduce 
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r+3 rt: 5 r+3 
F(a, t) — OF (a(t), NISC n ot 19, |dz 
0 


<a( f area) (f noa) 


cU Yo. 


Then 


Bis 
A x €, YTE + C, € O(14 A)", (2.2.75) 


After a lengthy calculation, it is easy to verify that assumption (2.1.16) implies that 
Bis < 2q + r + 3. Therefore, by the Young inequality, it follows from (2.2.75) that 


AX. 


This thus completes the proof. 


The following lemmas are concerned with the new arguments on uniform-in-time 
estimates of radiative term I(z, t; v, œ). 


Lemma 2.2.9. There holds 


I? dodv <C, Vt»0, (2.2.76) 


L*(Q) 


gi 
| |I, | deodv <C, Vt>0, (2.2.77) 
0 5 L*(Q) 


t 1 oo 
n | n f I? dædvdzds< Ci, V t» 0. (2.2.78) 
0 J0 0 si 


Proof. By (2.2.57) and (2.2.66), we can easily get (2.2.76). By the definition of 7, we 
can derive from (2.2.76) that 
<. (2.2.79) 


n | Idodv 
0 5! L*(Q) 


From (2.2.60), using the Young and the Holder inequalities, (2.1.18) and lemmas 
2.2.1, 2.2.8, we derive 


l J ramos [^ f (X (c,B--6; Dar) dvdo 
0 Jg o0 Js 
1 
< af | (eu f c,B'dr) dady 
0 gi \@ 0 
oo 1 n? 1 7 
«af i (f Tode: | c, dz) dodv 
M o Oo 


aoe af Í [e (I — 1)? +0,P)drdodv< Ci, (2.2.80) 
Si 
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which, by the definition of /, implies 


| J Pasos a. (2.2.81) 
0 si 


From (2.1.6), we get 
I2-l(s po) MBF. 
w w 


Integrating the above equality and using (2.1.18), we obtain 


oo oo 1 
I 1 |I,|dadv < a f | —(o,+4¢;)|I|dwdv 
0 Js o Js lol 
+a f f eee n o,1)dadv 
o Js lol 


<a+a f | |I|dadv+ af 1 |Z|dady (2.2.82) 
o Js! o Js! 


which, using (2.2.76) and (2.2.81), gives (2.2.77). 
By (2.2.60), we have for any œ € (0, 1), 


EM 7s, 0.)dz), $ — (c, B 4- o,I) 
w [o 


(c4 +s) dz P 
l PE (Lio, Bro, JD) dy =: Ay + By. (2.2.83) 


Using the Young inequality, (2.2.81), (2.1.18), lemmas 2.2.4 and 2.2.8, we deduce 


[a [ A? dcdvds 
A 


e lg 
t —((a)gt (o,)). dz d Tg? Bae) dadvds 
0 


"m d a f (f X Tat ost (84), + (59), 


+ S (eu (o) Y dz. [s —o TP dx) dodvds 


«aff (2 + 6?) "m NETT 
Si 


E C. 


(2.2.84) 
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Analogously, 


[ 9 |, Bidoavass a [ [ Í. UG : (o4B+ 661) + 7 (59) 0B 


E - 2 2 
+ (04)50:B + o Bob; + (as) {Vx + (65) 90:2 + osh)) de dco dvds 


t 1 T t oo 
«af f raisa f f f n 
0 J0 ` o Jo Jo Js! 
T t foe) 
<+ f I Í / I? dwdvdsdy, 
0 0 0 Si 


which, together with (2.2.84), implies 


t oo g t oo 
f J f I dwdvds < C, + C J T | 1 I? dodvdsdy. 
0 JO Si 0 JO JO gt 


Fixing t > 0 and using the Gronwall inequality, we get 


t oo 
1 n f I?dodvds < Cer < ge C, V z € (0, 1]. 
0 8t 


'This proves the proof. 


Lemma 2.2.10. If assumptions in theorem 2.1.1 hold, then there holds that 
Ire C. vio 0. (2.2.85) 


Proof. By virtue of the direct computation, we have 


Zal? -[ (f° f tioa) dx 

0 

f gi J: (n,5+n5,)d dv) d 

= RANE + 7) AM GV c 

0 0 gi 0 " " 
! i 1 " d 1 2 

S p SEN A 

< af K i ~1,Sdeodv) + (| re ~S,dody) ]dz 


Using (2.1.18), (2.2.40) and lemma 2.2.9, we see that 


e-f (f f anSdodv) ae 
- [eG f um nsa - Ddod) a 


1 
< a f ndr < C. (2.2.87) 
0 
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Similarly, 
1 oo 
z-f (] T LG.) i. + (62)905](B— 1) + es (Bo8s — I) 
0 0 gi @ 
2 
licut. (393 - D e — D,) dod) ae 
1 
< a f (n? 4-05) da -- C 
0 


€ 6. (2.2.88) 


Plugging (2.2.87) and (2.2.88) into (2.2.86), we can get (2.2.85). The proof is 
complete. 


2.3 Asymptotic Behavior of Solutions in Hı 


This will establish the large-time behavior of global solutions in H1, which completes 
the proof of theorem 2.1.1. 


Lemma 2.3.1. /f assumptions in theorem 2.1.1 hold, then we have 


Jim |In) — ml 0, (2.3.1) 
Jim [iO]. 0, (2.3.2) 


2 pl 1 
where 7 = fo n(y, t)dy = fo no(v) dv. 
Proof. By lemmas 2.2.1-2.2.8, we can derive from (2.2.47) 


d : 
3 Io + e es < a. (2.3.3) 


Applying lemma 1.1.2 to (2.3.3), and using the Poincaré inequality, we obtain 
IBOR < Ci llv? — 0 as t— oo. 
Similarly, by lemmas 2.2.1—2.2.8, it follows from (2.2.42) that 
d 


dt 


Ne 


2 1 
vw + a f (1 0 * m? dz & C. (2.3.4) 
0 


Applying lemma 1.1.2 to (2.3.4) again, and using lemmas 2.2.1—2.2.8 and (2.3.1), 
we conclude that as t > oo, 
2 
! it) > 0 


ins a( de 


v— u 
n 


which gives (2.3.2). 
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Lemma 2.3.2. If assumptions in theorem 2.1.1 hold, then we have 


pi — Ol| n= 0, (2.3.5) 
where 0 2 0 is determined by e(7,0 = 5 Uy + elno, 90) + Fr(0)) de. 


Proof. Equation (2.1.5) can be rewritten as 
e90; + (—p + Ope) vz — ov; + qs + n(Sg) p = 0. (2.3.6) 
Multiplying (2.3.6) by &5!0,,, integrating the result over (0, 1) and using the 


Young inequality, the interpolation inequality and lemmas 2.2.1-2.2.8, we can 
conclude for any & > 0, 


d 2 1 «e? 
=e 22 = 
ge OI 2 f = 


zu E mz _ Dae SRD gay 
0 ep eon ep ep i 


4 2 
< F lO + Ci Ios Hors + Oelk Mns 01 + [CS ell) 


2 3 4 3 4 
l|: (ON? + Calvel? + Iro veel + Lol + 0171181 + 10 


+ 8:1 + [GS all”) 
< els COP + C (Isl + vell? + Oll? + [S rll. pos) 


Now we need to estimate the new radiative term (S7) y in (2.3.7), which did not 
appear in the system considered in Qin [104] ((Sz)p = 0). 

From (2.1.18), the Young and the Hólder inequalities and lemmas 2.2.7, 2.2.8, we 
derive 


Ico! = f Ta (s. (B — D) +0,7 — 1))deodv) de 
«af (^ [ete-n Ddod) 
A ea 
<a f [( | (ff. c, dod) Ca: c, (B3 +P) )dody) 
+0, TA NE " d." ( — D dodv) | dz 


< af det GC <C, (2.3.8) 
0 


ran 
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which, together with (2.3.7), yields 
t 
TACTHES | llo.) ds Ch. 


Plugging (2.3.8) into (2.3.7), using lemmas 2.2.1-2.2.8 and taking € > 0 small 
enough, we have 


d : l 
Fle + a f (14.0 ")07, dx < Ci (l|oss |l. +1), (2.3.9) 
0 


which, together with lemma 1.1.2 and (2.2.44), (2.2.65), yields 
tim \|0.(t)||’= 0. (2.3.10) 


By the Poincaré inequality, we deduce 


|| (4) — || nn < C llO) 


| 


which, combined with (2.3.10), gives (2.3.5). The proof is thus complete. 


The following lemma is the new argument on the large-time behavior of radiative 
term I(x, t; v, œ). 


Lemma 2.3.3. If assumptions in theorem 2.1.1 hold, then we have 


Jim |IZ@|Lie= 0. (2.3.11) 


Proof. By (2.2.76) and (2.1.6), the direct computation yields 


Too 
tiz, (t)| a (f f I, dodv) "di 
+00 +00 
= iy, i Jio) Pi J tetods) da 
0 0 st St 
<a f T f |Lidodv) ) ae 
0 0 


1 Too 
í a f (f 1 dv, S- iS doodv) dz =: A3 + B3. (2.3.12) 
Si 


0 0 


deo dvdx 


We denote 


1 +00 1 
w= ff [los 
0 Jo gil @ 
= y,(o4(B— I) +o] — I))|dodvdz =: C+D 


E 
0 Jo sil @ 
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Using (2.1.18), lemmas 2.2.7-2.2.9 and the Young inequality, we can derive 


es [ [C LE 


«af PM NR (lolt! f(v, oo) + |olg(v, ©) 1) dodvdx 


1 
—v,0,(B — I) | dadvdx 


«a [lassa f aa. 
0 0 
oe 1 +00 1 " 
D< f Í f = v,0,(1 — I) dodvdz 
0 Jo go 
1 +00 1 7 
<a f jel f [alot n = poda: 
0 0 s || 
1 +00 1 1 
<a f lul f f Idodvdx < a f |u,|da< a f v? dz + Ci. 
0 0 $i 0 0 


We denote 


1 +00 1 
s-[[7 los 
0 Jo gio 


S (Ga), + (290: (B= D) + oal Bob: — 1) 


Sil dee 


+ [(6.),% + (956 -D +T- 0] 
= EMF, 


dwdvdz 


dx 


where 


Too 


af (a), % + (0) 0t| (B — I) + e4(B90, — 1) | dodvdr =: Y Pi, 


B 0 Jo s'o 
1 +00 
a 
Using (2.1.18), lemmas 2.2.7-2.2.9 and the Young inequality, we can conclude 
1 Too j 
|Pil< c f lul f f (54), Bl dodvdz 
0 0 s |o| 
1 +0 1 
< a f lul f f —|alh(v, o) do dvdx 
0 0 sı |o| 


1 1 
«OG | |v|dzx a f v? dr 4- Ch. 
0 0 


af (03,24 («6 (I —I)+ o,(I — 1), ) dodvaz. 
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Analogously, by lemmas 2.2.7—2.2.9, 


risa f led f NE ,) IH dodvdz 
si | 


<a f ty v dz-- C, 
0 


Too 1 
isc f of Ja eel Bde 
0 si 


<a f 0, dS er diis GO. 


+00 
isa f of e \(Ga)91|dwdvdx 
0 s 


<a f 0,|dz € Ci ‘Pde + C,, 
0 


+00 

<a f of n 
0 s [e| 

1 

<a f 0,|dz € Ci E 2x 
+00 

risa ff i gone 
Too 

«Oo I1 tai 


Now we estimate F as follows, by lemmas 2.2.7—2.2.9, 


T +00 n . 1 m " | 
ref f f ehhi- nios | f f iON- dodra 
oe s lel o Jo sı |o 


al + co 3 
7 ~ 
+f f —o,|(I — I),|dodvdx =: 1 Mi. 
0 Jo s |o| K L i=l 


By (2.1.18) and lemmas 2.2.7-2.2.9, we deduce 


ms f jel f d (65 allt — I|dedvdz 
«af f d |I|dwdvdz < af Uy ? dy + Ci, 
mso f oaf | |I|deodvdz < af 0 dx+ Ch, 
0 0 gi 0 
1 +00 
TET EI | 7 I? dodvds. 
0 0 si 


© 


© 


© 


© 


© 


© 


© 
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Inserting all previous estimates into (2.3.12) implies 
d 2 ? | Wace? 2 
a IET S bs COT + OCP + Elise, xa) + Cr, (2.3.13) 


which, together with lemma 1.1.2, (2.2.41), (2.2.64), (2.2.65) and (2.2.78), yields 


Te 


im [[Z;(]-— 0. (2.3.14) 


coo 1 2 
= | n | —(y,5 4- 15,) dodv 
0 gi C) 


From (2.1.6), we derive 


IZ w(t JI? -|f ^ [ao | 


+00 2 +00 1 2 
<Q l nr —nqn,Sdodv| + Ci i f —nS$,dodv 
0 gi C 0 gi € 
eae (2.3.15) 
Using (2.1.18) and lemmas 2.2.4-2.2.9, we deduce 
Too 1 E 2 
Nx a f (f f [o.(B—I)+o,(I I)|dod») da 
0 0 gi C 
< aln. GS) 
1 coo 1 
mei (f [nnt - n6. ~ D 
0 0 gi © 
z > 2 
+ (Cs) + (590: — D) + o, — D, ) dodv) dz 
< (lnO + 10500? + Ez COP). (2.3.17) 


Inserting (2.3.16) and (2.3.17) into (2.3.15) and using (2.3.1), (2.3.10) and 
(2.3.14), we get 


tim ||Zce(¢)|| = 0. (2.3.18) 


Thus (2.3.11) follows from (2.3.14), (2.3.18). 


Proof of Theorem 2.1.1. Combining lemmas 2.2.1-2.2.8 and 2.3.1-2.3.3, we can 
complete the proof of theorem 2.1.1. 


2.4 Global Existence and Uniform-in- Time Estimates 
in Ho 


This section will prove the global existence of solutions and uniform-in-time esti- 
mates in H2. The next lemma concerns the uniform-in-time global (in time) positive 
lower bound (independent of t) of the absolute temperature 0. 
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Lemma 2.4.1. If assumptions in theorem 2.1.1 hold, then the generalized global 
solution (n(t), v(t), O(t), Z(t) to the problem (2.1.3)-(2.1.6) and (2.1.11)-(2.1.14) 
satisfies for all (x, t) € [0, 1] x [0, +20), 


0< C1 x gz, t). (2.4.1) 


Proof. We prove (2.4.1) by contradiction. If (2.4.1) is not true, that is, 
O(z, t) — 0, 


inf 
(a,t)€[0, 1] x[0, + oc) 
then there exists a sequence (z,, tn) € [0, 1] X [0, +00) such that as n > +00, 


0(25, tn) — 0. (2.4.2) 


If sequence {t,} has a subsequence, denoted also by ¢,, converging to +00, then 
by the asymptotic behavior results in theorem 2.1.1, we know that as n — +00, 


O(2n; tn) > 00 


which contradicts (2.4.2). If sequence {t,} is bounded, i.e., there exists constant 
M > 0, independent of n, such that for any n = 1, 2, 3,..., 0 < t, € M. Thus there 
exists point ((a*,t*), t) € [0, 1] x [0, M] such that es ty) — (a*,t*) as n — +00, 
On the other hand, by (2.4.2) and the continuity of solutions in lemmas 2.2.1 and 
2.2.2, we conclude that 0(z,,t,) > 0(a*, t) =0 as n — +00, which contradicts 
(2.2.1). Thus the proof is complete. 


Lemma 2.4.2. If assumptions in theorem 2.1.2 hold, then the following estimates 
hold for all t > 0, 


I.I + Io CODE + ? (lva? + IG. (ds < Ge, (2.4.3) 
los COTÉ + Iss COT + f (ls ess ds C, (44) 
TNCS f INCID? (2.4.5) 


Proof. Differentiating (2.1.4) with respect to t, multiplying the result by v; and 
integrating over (0, 1), we infer that 


hval? + C bos COE + Hos CO zs + 0 COLE) 
llo CDI. + Ci Loss COTÉ A) 


d = 
Sle? + Creal OI? < mG 


ES 
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which, together with lemmas 2.2.1—2.2.8, yields 


t t 
lul? + | vall? (c) dc < + a f (los + OPE) dT C. (2.4.6) 

0 0 
Differentiating (2.2.42) with respect to z, using (2.1.3) (i4 = Vraz), we see that 


O (Nr B 
m C) — Pilas = Yer + Ela, t) (2.4.7) 


with 


E(x, t) = (Pant, + 2p0 92M» + poob?) + pO — 2ug Ven? / m + 2uon vas. 


Multiplying (2.4.7) by y2./y, and by the Young inequality, lemmas 2.2.1-2.2.3 
and (2.1.18), we can deduce that 


d na ||" CM 
rx n —1 Tx t 
ài n e) i n e) 
1 jin ? 4 2 
Tr 4 
516 wt Ci (lllz + nllr + Iel 
2 
+ laO + [|o COLO 
1 TL i 
< SEO + ONO + Ins COTP + vD (2.4.8) 
260, [n 


which, combined with lemmas 2.2.1—2.2.8, gives 


t 
InP f lm des C», vt» 0. (2.4.9) 


By the embedding theorem, (2.1.4), (2.1.5) and (2.4.6), we conclude for all t > 0, 


lvsllzs < Crllenell < C Ive + NOl + lall esl < Ci, (2.1.10) 
$ 2 f 2 2 2 2 
n || vss]! ds < C n (II + [Onell se esas C. — (2410) 


Using equation (2.1.5), lemmas 2.2.1-2.2.8, (2.3.8), the Gagliardo-Nirenberg 
interpolation inequality and the Young inequality, we have 


l8: (91 AMAO [Se gl) € C CILOCO TL + 1). (2.4.12) 


Differentiating (2.1.5) with respect to ¢, multiplying the result by 0, and inte- 
grating over (0, 1), we infer that for any ¢ > 0, 
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£ vanl + TaN? 
< ela (t)? + RAO +O? +AA +e 


+ p MOON + NPI ODN CO 
+ C nS) i] ae (2.4.13) 


Integrating (2.4.12) with respect to t and using lemmas 2.2.1—2.2.8 and the Young 
inequality, we derive for any € > 0, 


TOES aol 


t t 
< Ges] l6.) I ds -- a f (IIO 
0 0 


"m ri Utm CS s], C3) ds 


t t 
<Q +e f I0. (s)]  ds-- C. sup |]6:(s)||? + a f llis) i] C) ds 
0 O<s<t 0 


5 
2 


Orl + 0l )Cs) ds 


t 1 t 2 
<Q ef [O:.(s)] dsd- = sup ||0,(s)||? + i ll[n CS) 11, | (s) ds. (2.4.14) 
0 20<s<t 0 


Noting that the new radiative term Jn lll all (s )ds, we need to obtain the 
uniform-in-time estimate. 


From (2.2.41), (2.2.46), (2.2.65) and (2.2.78), we can derive 


i; ln CS) all? (5) ds 
= f f Sente Peas 
<a f fe (ff. c (B- I) e,(1— Ddod) dads 
$ af ft (f [iom CNAB- D oB- 1) 


+ [(65), 9s + (e:)98](1 — 1) +o? — I) dodv] dads 


t +00 
«a f (esl? + odo as af 3 n J Tè dodvdzds 
0 0 J0 JO Si 


<Q. (2.4.15) 


Inserting (2.2.15) into (2.2.14), then taking supremum in ton the left-hand side of 
(2.2.14), picking € > 0 small enough, we can get for all t > 0, 


t 
leI + f l6. (9]ds < C, (2.4.16) 
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which, together with (2.2.12), implies 
||Ox2(t)|| € Cs. (2.4.17) 


Differentiating (2.1.5) with respect to z, using the Young inequality, the 
Gagliardo-Nirenberg interpolation and the Poincaré inequality and lemmas 2.2.1— 
2.2.8, (2.2.16), (2.2.17) and (2.4.5), we deduce 


[ l8: (s) ds < c. fine? + el? + lvl? + bol 1? 
Mayo Ce f Merton I)e 
<O of |n GS) 1, l| C3) ds. (2.4.18) 
The same estimate as (2.4.16) yields 


[V (Sn) lel (s w- ff (n, (Sg) p+ "rl Sg) y], ) duds 


«a f dnd? lel? 


2 


Too 
TC, n |I; | do dv 
0 5 L*(Q) 
S (2.4.19) 
which, together with (2.4.18), implies that for all t > 0, 
t 
| |]Oxre(s)||2dads < C». (2.4.20) 
0 


Thus (2.4.3), (2.4.4) follow from (2.4.6), (2.4.16), (2.4.17) and (2.4.20). The proof 
follows immediately. 


The following two lemmas are the new arguments on the uniform-in-time esti- 
mates of radiative term I(z, t; v, œ). 


Lemma 2.4.3. There holds that for all t > 0, 


Too 
| I |I;|dady 
0 sl 


Proof. Using (2.1.18), the Young inequality, lemmas 2.2.5 and 2.2.9, we derive from 
(2.2.83) 


< C. (2.4.21) 
Le(Q) 


58 1D Radiative Fluid and Liquid Crystal Equations 


+00 
n I, |As|deo dv 
Too 
« i Í [ (f= (c4 4-0, -- (4,4 05),) 
0 gi 0 T 


+— 3 (s oo E (c, B 4- o,I) )dy|deody 


s] Lf (f= ( )n) 
< = Oa FOs (0a +0; 
! 0 S! 0 ; O i 


t 2 (s, 4-85) dz Jays [2 T a pidya ri o LP dy] |dodv 


1 
<a f (b+ 6i)drs Gy (2.4.22) 
0 


Analogously, 


+00 +00 n 
| I, |By|dwdv € af I UG = (oB +0,1) + ((¢0) vB 
sS! @ 


+ (64)99,;B + o Bg0, + (0s) 1v. + (@,) 90,2 + a,l.) ) dy| | do dv 


1 x +00 n 
<a f (|o, + |0|) dz + a f | 1 
0 0 Jo gi 0o 


Lol, 
T Too 
<O+ a f n || deo dv dy, 
0 J0 Si 


which, together with (2.4.22) and (2.4.18) and using the Gronwall inequality, implies 


+00 
I f |I] dodv < Cy. 
0 S! 


Thus the proof is hence complete. 


dwdvdy 


Lemma 2.4.4. If assumptions in theorem 2.1.2 hold, then there holds that 


Proof. The elementary computation yields 


1 +0 2 
BaD f (f f edod) as 
0 0 Ei 
1 Too 1 2 
= or) + 29,9, + NS) dody) dz 
$4 no n N Srs) ) 
1 +00 1 +00 
<c | Sin sdod) EL dody) 


Too 
iy. T —nS,, dodv )] dz =: 3 Ji. (2.4.24) 
E 
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Employing the Gagliardo-Nirenberg interpolation inequality and using (2.1.18), 
lemma 2.2.9 and (2.4.5), we conclude 


1 Too 1 2 
AS af (f | -M Sdodv) dx 
0 0 sı @ 
il coo 1 - 2 
< a f i] f [o.(B—I)+o,(I I)|dod») da 
o Jo gi @ 


1 
< a f nadt € O, (2.4.25) 
0 


Ps af (E fou (2) ,tte + (09048 — 1D) 


* (nt - L) fée) 99041 — D) os — 1), }deodv) d 


1 
EG aad " sae +C, 
0 


< (nalala + C 
<Q. (2.4.26) 


Analogously, we infer from (2.1.18), (2.4.4), (2.4.5) and (2.2.85) that 


ssa f (f f lean ott - n 


+ o (B9, — In) + [(6s) i + (65)90a] (7 — D) +0,(T — 1),} dodv) de 


1 
< a f (ni + O44 9202 +92, 07, 12.) dz 
0 


1 
< Ci(httelllltaxll + linell? + 4zll || Gx +l) f (n +0,)dx + C 


< C, 


which, along with (2.4.25) and (2.4.26), gives (2.4.23). The proof is thus complete. 


By lemmas 2.4.1-2.4.4, we conclude that the global existence of solutions 
(n(£), v(t), O(t), Z(t)) exists in H2 such that for all t > 0, 


II(n(t), v(t); 0 (1), Z(t) Inu, € Ca. (2.4.27) 
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2.5 Asymptotic Behavior of Solutions in H2 


This section will derive the asymptotic behavior of global solutions (y, v, 0, 2) in H2 
based on uniform-in-time estimates in section 2.4. 


Lemma 2.5.1. /f assumptions in theorem 2.1.2 hold, then we have 


Jim. |In(t) — "ls 0, (2.5.1) 
Jim [o] 0, (2.5.2) 


where 3j — fy n(y, t)dy = fy (v) dy 


Proof. Applying lemma 1.1.2 to (2.4.8) and using lemmas 2.2.1—2.2.8 and 2.4.1, 2.4.2, 
we get, as t > OO, 


[nell — 0. (2.5.3) 


Thus (2.5.1) follows from (2.5.3) and (2.3.1) in lemma 2.3.1. Applying lemma 1.1.2 
o (2.4.6), using lemmas 2.2.1-2.2.8, we conclude, as t — ©, 


lul — 0 
which, with (2.4.10), gives, as t — ©, 
|| vs (2)]] 0. (2.5.4) 


Then (2.5.2) follows from (2.5.3) and (2.3.2) in lemma 2.3.1. The proof is now 
complete. 


Since radiative term (Sz)g is present in our model, whose uniform-in-time esti- 
mates are more complicated than those in Qin [104], we have to estimate a new 


radiative term ICE in the next lemma. 


Lemma 2.5.2. If assumptions in theorem 2.1.2 hold, then we have 


on - 6|| p= (2.5.5) 
where 0 0 is determined by e(7,0 eps 5% + e(t, 09) + Fa (0)) dz. 


Proof. By (2.4.13), we can get 


d : 
gler + CTO? < d los CO + AON? + Lbs CO TP 
+S, 


which, combined with (2.2.41), (2.2.62), (2.2.64), (2.2.65), (2.4.3), (2.4.15), and 
lemma 1.1.2, we can conclude 


E l0, (£)]^— 0. (2.5.6) 
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Using (2.1.18) and lemma 2.2.9, we can deduce 


d 2 1 +00 +00 
qll(Se)all = 2 | (J ; Sdodv) (| |, Sudendy) dz 
€ (1+ hlv + 101), 


which, together with (2.2.41), (2.2.64) and lemma 1.1.2, implies 


lim ||(Sz) g||"= 0. (2.5.7) 


i— + co 


By equation (2.1.5), we see that 


lOl € Co Ios COE + AO + 1021 + |] (Se) all), 
which, along with (2.3.2), (2.3.10), (2.5.6) and (2.5.7), gives 
jim || @xx(t) || = 0. (2.5.8) 


Thus (2.5.5) follows from (2.5.7) and (2.5.8). The proof is then complete. 


A new asymptotic behavior of solutions of radiative term I(2, t; v, c») in H? will be 
given in the following lemma. 


Lemma 2.5.3. If assumptions in theorem 2.1.2 hold, then we have 


im. IZ (0I 0. (2.5.9) 


Proof. By (2.1.6), we denote 


Los 1 

n f —N », do dv 
0 Si (60) 
Js 1 

| | =N Srs ddv 
0 sı @ 


Similarly, by (2.1.18), lemma 2.2.9 and the more delicated computation, we see 
that 


2 


2 
ERES ei + 


+00 1 
i f —n,5,dadv 
0 si © 
2 


i 


Ra € Cn OU. (2.5.11) 
Ro < On. CO E + eO), (2.5.12) 
Rs € C (pss COM H OD + IEN’). (2.5.13) 


Plugging (2.5.11)-(2.5.13) into (2.5.10) and using (2.3.1), (2.3.5), (2.3.11), 
(2.5.1), (2.5.5), (2.5.8) and (2.3.18), we obtain 
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T 2 
fim llT a(t) "= 0, 


which, combined with (2.3.11), yields (2.5.9). 


Proof of Theorem 2.1.2. Combining lemmas 2.4.1-2.4.4 and 2.5.1-2.5.3, we can 
complete the proof of theorem 2.1.2. 


2.6 Global Existence and Uniform-in-Time Estimates 
in Ha 
In this section, we shall first establish the global existence solutions in H4. 


Lemma 2.6.1. If assumptions in theorem 1.1.3 hold, then there holds that for any 
(no, to, 0o, Zo) € Ha, the following estimates hold for any t > 0, 


Iles (2, 0) + lla (, 0)] < Ge, (2.6.1) 

Ie, 0) |] + [Oue(250)]| + [leeae(2,0)]|| + [Ore 0) < Ci, 62) 
[^ $ 

loo f Muss Cit es f Moelo) Pas, (2.6.3) 
0 0 


t t 
loo [ VCI ds x Cu Cot f Moss Ide 
0 0 


t 
+ Cis f (eal? Moa) (2.6.4) 
0 


Proof. Using theorems 2.1.1 and 2.1.2, we derive from (2.1.4) 


eC) S Cnc CO] + 10500] + Hos CO M re te) eO 
< Ox (lv lan + Incl 1105001). (2.6.5) 


Differentiating (2.1.4) with respect to x and using theorems 2.1.1 and 2.1.2, we 
deduce 


lva Dll Cols CO Me + Ms CO D + 11050 lle) (2.6.6) 


or 
[| Uae (tI S CoCo) M2 + Ms C gs + Nlln + leel). (2.6.7) 


Similarly, differentiating (2.1.4) with respect to x twice, using theorems 2.1.1 and 
2.1.2 and the embedding theorem, we get 
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[| ae (4) || S Co Clm CE DE s + Moe 2) zs + 118 CO + [Me CO Il Dass CO) 
aU UAR [lI] axe OU + Ilve lz [Moe (4) 1) 
< (lln (t) HET 0,(t) P m v; (t) m) (2.6.8) 


or 


|| v C£) |] & CNO ll g + Eos CO || ze + 1820) go + || Vac) (2.6.9) 


Using theorems 2.1.1, 2.1.2, (2.1.18) and the Hölder inequality, we have 
1 1 
[ sealer = f n), rli tn 
1 
<a f 12(Sp)2,de + af [(Sp) gl2de 


<a ln. TA PM I) +o,- Ddod) dz 
Too 
gl af d IRIG Ga) Ne + 90:](B — I) + o,(B90, — L) 
Si 


+ [(03),2, + (Cb — D) - o (1 — D, ae dz 


Too 
«af lInll? TH NL dodv + “| n 
T af eC MAC (Oa ),Bdodv)' «qu © foo) )qldeodv) 
0 0 S! 
«DU o e jun ma af A (Ce d. ca) )pldendv) 
0 st 
«gU o ))Bdoodv) gn gi NL 
0 S! + 
OS +00 
+(/ f, (o) (Ï — Jas af (J f 6 ;Ldody) dz 
0 0 si 
+o 
+6 [ (f fox m ), dod») dz 
Si 


< Gn CI. + NOP + IZ), 


1. 6., 
I[fn(Se) a1. ]] € Cx Clm CD Il + 110501 + LEE CO ID- (2.6.10) 
Similarly, we can derive 


(CSB) rle < Colts CO gs + leOn + MES CO Has) (2.6.11) 


and 


IIS) adul] € Colles COT + M09 + IZOD (2.6.12) 
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or 
lins) rlell € Cx Iles C21 + 1001 + Ae) M noi) (2.6.13) 
From (2.1.5) and theorems 2.1.1 and 2.1.2 it follows that 


[19x(2)|| < Cr({]ve(4)] + I] AOAO] 
+ (Itm C1 + ADEA 110: (91 + |] (Se) all) 
< C (I8; £l + los (Dll + || (Se) all). (2.6.14) 


Differentiating (2.1.5) with respect to z, and using theorems 2.1.1 and 2.1.2, we 
arrive at 


lb NAON + MEON + MC Maze + vO + TEC) ala) 
<Q CO ll + ros CO In + Oe) + Ze) (2.6.15) 


or 
[Pom OS Cole) ln + 8c) [lin + lr) + 0:0 Zl. (2-6.16) 


Differentiating (2.1.5) with respect to z twice, using theorems 2.1.1 and 2.1.2 and 
the embedding theorem, we conclude 


lOl COll + Wee) Lae + Olr + SE) rall) 
< (lln Olla + lee) Mle + 1105 las + lOl), (2.6.17) 


or 


[855 Dll Co Clm CODE ge + Mos CD go + 11022) Ego + lOl [IZ CO Ila). 
(2.6.18) 


Differentiating (2.1.4) with respect to t, using (2.6.6), (2.6.8), (2.6.14) and 
(2.6.15), we have 
loull Coles CO rs + Mel 10:00] 3-10: 
+ loal lee) 
< (lOl + lOl + Olle + lT). (2.6.19) 


Analogously, we get 


lal ClO OE AO O)| 
+ [os] + NOO + OOl (Serl 
< Cms CO go + lee) Das + lOO + Ell + IEI. (2-6-20) 


— 
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Thus by theorem 2.1.1, estimates (2.6.1) and (2.6.2) follow from (2.6.6), (2.6.8), 
(2.6.15), (2.6.17), (2.6.19) and (2.6.20). 

Differentiating (2.1.4) with respect to t twice, multiplying the result by vy in 
I?(0, 1), performing an integration by parts and using the Young inequality and 
using theorems 2.1.1 and 2.1.2, we obtain 


ld = 
ggl + C; "lvl? € Colles CO WE HAON + lO 
+ ls COT + Oa). ee 
Thus, by theorems 2.1.1 and 2.1.2, 
t t 
lon + [Meade Cr+ C2 f vesc 
0 0 

which, together with (2.6.20), (2.6.13) and lemma 2.2.9, gives (2.6.3). 

Differentiating (2.1.6) with respect to t twice, multiplying the resulting equation 


by ðn in L?(0, 1), integrating by parts and using the Young inequality, we get 


1d f} AS 1 
sf «fasc - f (E) o, -f 0 Ord 
2 di J, eg0,, dx n 2 js i dx A (epu, + Cntr) On dx 


3 1 > il Un 
-3f etde- f CILE 
1 
Ur 
zi [en — (-»*7)] Vaude 
1 
Ur 
| ( ptu ) V,0 nda 
0 "n tt 
1 7 
S (n(Sg) g) Qu dz =: V ^ Ai. (2.6.22) 
El 


Using theorems 2.1.1-2.1.3 and (2.6.1), (2.6.2), and the embedding theorem, we 
deduce for any e € (0, 1), 


Ay < = OTO + CNOC l= ros COT + 10D 18s C) 
Oielo 


< = 20) NO? + Calles CO llo +O + iC? IP 
+ vD H NOON + lOD), (2.6.23) 


+ Cy 
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1 
Ay < a f [s] + 104 + [vrl + 18104] + [os 1B dr 
0 


< CMO) Mr MOON + oe) (Il zs + Oe) lla) 


w= 


x (Ios C9] 4-104001) + Hou (21 9-104001 

< Cyn) |] + Ore) Moe) DE gn. + 10:1 3-10: 
+ llv Oll lD 

& elus (D. + C Ios CO Ms + ODP + O 
+v Dl? + lul’), 


Axa (|vs| + |0,])67, dz 
0 


< CANONE Ore) T) Cs CO | + 10:00 1011001 
< eflO? + Coe" 0u( II", 


A4 < ellve? + Coe! 00]. 


As < Colles COL e MO COT Clos COT +O CIbos CO AID 


+ || v(t) + NOUD + Mou CO IE lv} 

< Clu la + AOD 7 104: 0]] 4-1 ous CO) | 
+ [lul vedl) 

< €|| vus (t) »u Cye (NO + Is CO [on + 104) |? 


| 
+ vaD + lOO 


1 
Ag < a f (luel + [Oi] + [visl + lvl?) lviellOuldz 
0 


< Colve O bos O pos CO E97 ON MAAN 


which implies 


[ansa s sup [ôer me Cf iret Jar) "Cf inary »" 
x (f a] 


t 
<¢ sup lou f tele + Coe. 
O<t<t 0 


(2.6.24) 


(2.6.25) 


(2.6.26) 


(2.6.27) 


(2.6.28) 


(2.6.29) 
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Now we estimate the last term A7. Using the Young inequality, we arrive at 
1 
A= -f (n(St) gj) uF ude 
0 
1 
== f (a4 2udl(Se) gh + (Se) alaudo 


1 1 1 1 
<a f v2 dz + a f v2l Sg) p] dz + a f 02 da + a f (Sr) gli, dz 
0 


0 0 0 


1 1 1 1 
<a f i des: alli f (Sz) dz + a f 8 dz 4 a f (Sz) s, da, 
0 0 0 0 


which, using the interpolation inequality, (2.6.13) and theorems 2.1.1 and 2.1.2, 
yields 


As < Oil bos COLE + 8C IP + [uC I? 


MOO eoe t i (Cone (2.6.30) 


0 


Performing the Hélder inequality and the interpolation inequality, using (2.1.18) 
and theorems 2.1.1 and 2.1.2, we have 
2 


[ (ots = [GU o,(B—I)+e,(1— dod) de 
- ft (fe a)y Ue + (Fa)on Fee + (04), Vat + (Fa) p 08s 


+ (64) 990; + (a)90t)(B— I) + 2((a) Ve + (Fa) 99+) (Bob: — 1) 
ab c (Boo0; ap Bots Ea In) EY ((c oU T + (G5) 9 91s 22 (65), Unt 
+ (65)g, Vebi + (65)9907 + (65)984) (1 — I) + ((65), s *- 2(55)50:) 


m m 2 
x(Ī- I +o- 1),,dodv) dz 


Too 
af i p p dadvdz 


< C (Ils On + lva? + Oe) Ilan + leuD) 


1 +00 
+a f f f I2dodvdx. (2.6.31) 
o Jo s! 


Now we estimate i * fa I5dedvdz. Differentiating (2.2.83) with respect to t, 
we have 
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68 
Iu = el. ard Je 
i i T @ w 7m 
4" (o B4 o,Ddyd- 
0 
U. 
(ca + 05)901) 5 


T 
= od, Be +o,)dz 


((e4 4 95), Us + (044 s,,0))) : (e Bo.) 


- » (65) os B + (Ga)0B+ oa B001 + (0), ve} + (6:90 + o1) dy 


g Yy m ~ r 
L eJ. Hoa si | “u (c,B+0,1) +2 = ((e4), vB + (4) 90:B+ o, Boh: 


+ (Ca) Vs Bo0i + (Fa) oy 
+ a Bobu + (Fs) yn VI+ 


csl) » ((o Ga) nt B+ (Fa) 99102 B + (Ca) vB 
v,0,B + (64)950; B + 2(4)50; Bo + (o4), Bo0: + Fa Bool; 


2( 6s) Vri] + (Cs) Veet + (a)l + 2(o.), Uzki 


4 
+ 2(,)90ile+ ost) dy =Y D: (2.6.32) 
i=1 


Using the Hólder and the interpolation inequalities, (2.1.18) and theorems 2.1.1 


and 


2.1.2, we derive 


t ptoo t pl 
f f D? dodvdz < af f (vd + 04) dzds 
0 J0 st 


«af luli. f. v? dxds 
«af t. f 0? dads 
0 


< Q, (2.6.33) 


t p+oo t pl 
n n D$dodvdz < af I (v2, Hut + 08 + vie? 
o Jo s o Jo 


+ v? + 01 + v20?) dads 


t 1 
<Q+O 0° dads, (2.6.34) 
0 JO 
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t + 00 t 1 
n I D? dodvdr < a f f (vi + 00? + 64 + 2 + 07) deds 
0 JO si 0 JO 
t 1 Too 
+ al n ‘| f I? dwdvdzds 
0 Jo Jo gi 
<Q, (2.6.35) 
t +00 t 1. 
n Didodwis ©, | f Qe 201 i +0 + dnd 
0 Jo gi 0 Jo ` 
t x Too 
+ o | I J f I2dodvdyds 
0 Jo Jo gi 
t pl 
<Q+G f f 6a 
0 Jo 
t E Too 
+af ff nes (2.6.36) 
0 Jo Jo gi 


Squaring (2.6.32) in both sides and inserting (2.6.33)-(2.6.36) into the resulting 
equation, we obtain 


+00 +00 
[| n s<Co+ of |Ou(s JI? ds+ of E f fiaodvasiy, 
0 


(2.6.37) 


For fixed £ > 0, applying the Gronwall inequality to (2.6.37) implies 


t +00 i 
[Lf ritos (+e fiestas) e2 
0 0 si 0 


t 
«asa uls) ||? ds. 
PRI 0 8)1| (2.6.38) 


Integrating (2.6.38) over Q with respect to x, we have 


Too 
ff [| totis e+ es [yocant (2.6.39) 
0 


Integrating (2.6.22) over (0, t), using (2.6.22), (2.6.39) and theorems 2.1.1 and 
2.1.2, we obtain 


t t 
MODIPA f Maca d Cre{ sup lus)? f lal Ioa (9)s) 
0 O<s<t 0 


t 
+ Cye* + ae f (Mauls)? + [| Qxxell”)(s) ds 
0 


which, together with (2.2.78), (2.6.20), (2.6.13), lemma 2.2.9 and theorem 2.1.1, 
implies (2.6.4). Similarly, we can derive the same result for œ € (—1, 0). The proof is 
now complete. 
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Lemma 2.6.2. If assumptions in theorem 2.1.3 hold, then for any (no, vo, 0o, Zo) 
EH, the following estimates hold for all t > 0, 


t t 
Ina f Mes ds Ce? + e f (ul? oA), (2640) 


t 
laD f Moa) 
t 
< Oe! + ce f (loal Bs PR t l8. lall? 
0 


+ [PAM x $1,12(0,1)) + Illia, xeo) (s)ds. (2.6.41) 


Proof. Differentiating (2.1.4) with respect to x and t, multiplying the resulting 
equation by v,, in L'(0, 1), and integrating by parts, we arrive at 


ld 


5; OI Bo(, t) + Bi(t) (2.6.42) 


with 
" 1 
Bo(z, t) = Tinie | 7-5; By (t) = -f Otr Virs dT. 
0 


Employing theorems 2.1.1 and 2.1.2, the interpolation inequality and the 
Poincaré inequality, we get 


Bo < Ci(\lve() lx + Nl) ens CO Hz + NOl) 
+ ted) zo + Nbill px + [| exe) Ih + Itt) zll 

+ [os COL Hos C De + Mos CO Iz DEus CD Mc 

< (Bor + Boo) |n ON || vs (||? (2.6.43) 


where 
Bor = |v Hll + A llO) 
and 


Boz = NOOP O aD + ous D vO 
+ [oss] Hoe CO I oO. 


Exploiting the Young inequality several times, we have that for any € € (0, 1), 


2 
€ RE 
C Bulbs OI o OI S y Mn OI + Coe oe? 


+ Iles CO +A + 10s C21) (2.6.44) 
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and 


2 

€ 
Co Boz i CD I^ Ios COT S Es CO IP + "10s CO IP + Mos COT) 

+ Cae 9 (104. (2|? + lvl). (2.6.45) 
Thus we infer from (2.6.43)-(2.6.45), theorems 2.1.1, 2.1.2 and lemma 2.4.1 


By < € (Ios CO + Moss CO IE + M0 COT) 
+ Cae "(Ios CO o + OCI? 9-110: CO I + Ms COT) (2.6.46) 


which, with theorems 2.1.1 and 2.1.2, further leads to 
t t 
n Base | Clos + ssl? + llOn Y) dt + C969, vt 0. — (2.647) 
0 0 


In the same manner, using theorems 2.1.1, 2.1.2, the embedding theorem, we 
get that for any € € (0, 1), 


Bis -po | de + e (bs OIL + CODD IO MO) 


+ lvl + Nbe EIECTUS 
Eos COM Ms COT Mns CO 

- Q3)" oO? + Give COT +10 n 
Mns COM? + Dus CO I) 


which, with (2.6.42), (2.6.47), theorems 2.1.1, 2.1.2, and lemma 2.2.9, gives that for 
€ € (0, 1) small enough, 


IA 


(2.6.48) 


t t 
loco. f llvusl (0) dv € Coe + ae | dM Tes (2.6.49) 


Differentiating (2.1.4) with respect to z and t, and using theorems 2.1.1 and 2.1.2, 
we deduce 


| vas (£)]] S Cx] vus CO) ]] + Co Eas CD LE. + NOl + Hs CE Ran + Ale). 
(2.6.50) 


Differentiating (2.1.5) with respect to z and t, multiplying the resulting equation 
by Om, and integrating by parts, we get 


1d [' 
sal e902, dz = Do + Di + Da + D3 + Dy + Ds (2.6.51) 
0 
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where 


1 
D = -f (ev; + Ur) Ide, 
0 
1 1 
Ds = -f (coub, + 2 eot + eoru) Ox4 dx, 
0 


Die f (n( Se) 5) Onde = n [n( Si) gl Onn dis — (n( Sp) p) bal. 


0 


Similarly to (2.6.42)-(2.6.49), we infer 


Ds € C(||vs(6) | pe + Oe) [| zoe + [eae (A) [Lz + IlOll 
- [40] lOl + Mus CE) |] p20 + 118250 1E ) [rx C Il ro 
X Ca( Doi + Doo) (Dos + Dos) 


where 
2 
€ E 
Ci Dy Dis € lOi? + Coe? (Ios CO go + NOl + IAA), 


2 

€ e 
C2 Do2 Dos < 3 (loss CO II + lOe) + CEON, 
Cj Dor Dos < CyI|es CO lze + 0O Mos + 1105 C0). 


and 


e 


CD Du 4 (MODI? + llOr (H) + C’ (1. 
That is, 


Do < € (NOON? + OiP) + OEN +N + NANa) 
(2.6.52) 


Similarly, 


Di < = 20) lbi D? + Colles CO Mon + NON +AA) (2-6-53) 
2 2 —2 2 2 2 
Do < €'||vas(t)]| + Ge“ (Woe) Mle + 0C fin + [oe COE); (2.6.54) 


D; < È lOD? + Coe? (Iv? Ili + 1104 zn + 1105 CO [52 
+ || v(t) ||? + lus C) |]?). (2.6.55) 
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Using the Young inequality and (2.6.13), (2.6.14), we derive 


a 2 
Di < CONS "All + Ci UM n xsi rolll + eOe) 


1 
+ Oe? ln Sz) dz 
0 
< lba Ol? + Ce? (ICD ell? + 0s (O10 


2 2 
HEOIR xs ron + Mellie er (o) 


73 


Exploiting lemma 2.6.1, theorems 2.1.1, 2.1.2 and the embedding theorem result 


IG), < Cil us Oll + Mose + M0 CO Dn + O(a): 
ol 5 [OR] < Gilles Clin) 
and 
| (D. TD (ORG < Crus CO lan + 10l) < Ce 


which imply 


ONIS «a|( 


k 
(2). 


(2.20 ESO 


[se 


L9? 
< CI 


| (È) s0 | <G, (| (= p llO z(t) 


L 


oe) 


) 00 ols < C5||04.(t) || ji - 


< Cx (Ius (Oll gn + Mos CO geo + lOl + WOO) lz), 


ust) gm + pros CO go + Os C Ins + 10: lee) 


(2.6.56) 


(2.6.57) 


(2.6.58) 


(2.6.59) 


Differentiating (2.1.5) with respect to z and t, using estimates (2.6.57)-(2.6.59) 


and theorems 2.1.1, 2.1.2, we conclude 
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oan th (|), col] + | (4) Lan 
Gato] + [Gn] G2. «| 


«JG os) 


Cms CD n + lbs C ae + Ol 1100 + 8C an 
+ os CD gn + lOO eO Se) n CO |D- (2.6.60) 


lA 
Q 


Now we estimate | n(SE) p], (t) |. 


| in( Se) af dr< n (02,(Sp)%+ 2[(Se) al? + 12((Se) al? + (Se) l2) ae 
:5 (2.6.61) 


Using the Hólder inequality, (2.1.18) and theorems 2.1.1, 2.1.2, we derive 


1 +00 - 2 
F- I vi (/ | oq(B— 1) +o,(I — dod) da 
0 0 s 


< Ollut) llin, (2.6.62) 


ms fef [7 f Cdt mta T Diss Ot, - 1) 


+ (4s), + (590) — D) eO — D, dody) dz 


1 
s a f (vina + v0 + va) de < C Ibn CO Mns + M8 CO s + led. (2-6-63) 
Similarly, we have 


Fs < (llv CO [rn 0C) + lnO) (2.6.64) 


and 


F, < C (Olle + lOl + lOl + eO 


Too 
«aff n 


which, together with (2.6.62)-(2.6.64), gives 


lOs ON C Bs CO Ins + Mos CO Maze + AoC) Me + 10:0 gs + Ou) Ms 
+ MoO Mon + laO C DE + Zoe CO Iro tos im ,))* (2.6.65) 
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Differentiating (2.1.6) with respect to t, using (2.1.18), the Hélder inequality and 
theorem 2.1.1, we obtain 


t 1 oo 
Ill J Raodvdeds 
1 Jo Jo SU 
t 1 +00 1 
= J n | | — (vS? + n° 5?) do dvdzds 
1 Jo Jo gio 
t 1 t 1 +00 
caf | raasta f f f nm 
1 Jo 1 Jo Jo Eu 


<C. (2.6.66) 


Integrating (2.6.32) over (0, f), using (2.6.52)-(2.6.56), (2.6.66) and theorems 
2.1.1, 2.1.2, we easily get (2.6.41). 


Lemma 2.6.3. If assumptions in theorem 2.1.8 hold, then for any 
(No; vo; 90, Jo) € Ha, the following estimates hold, for all t > 0, 


t 
uIP DsCOIÉ + aC DIP M COV + fea + al? 
+ [[zel|” + Ozal) (5) ds < Ch, (2.6.67) 
2 2 : 2 2 
1] xe (4) || G2 + lt CO || ice + n Claas dns ES IUPMIPZESIO ds < Cá, (2.6.68) 


2 2 2 2 2 
|| Ure C£) [Lan + Iles liwio + [Orn NE + Miell s + Masa COH 


t 
2 2 2 2 2 2 
+ [rossi IE lOc + f ul + ls] + vell w + Gall 


lOi Mtl Eon + [cell + veel iwi + Mella) (s)ds S Ci, — (2.6.69) 


t 
f (|| exe lln F || Oar 771 ) (8) ds < Ca. (2.6.70) 


Proof. Adding up (2.6.40) and (2.6.41), picking € € (0, 1) small enough, we arrive at 
t 
Non 0C. fel NODC) 
t 
x Ge Ge f (sl + [Oral + NOPO C67) 
0 


Now multiplying (2.6.3) and (2.6.4) by € and €? respectively, then adding the 
resultant to (2.6.72), and choosing e € (0, 1) small enough, we obtain 
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t 
[vaD + eC + Te? + WO) f Moel? + Hl 
t 
+ || Utell? + 0:12) (0) de € Che 8 + Ge n || Ore ||” || rx ||” (2) dt 
0 


which, with lemma 2.3.2 and the Gronwall inequality, gives estimate (2.6.68). 
Differentiating (2.4.7) with respect to z, and using (2.1.3), we get 


ð (1j 
3j), ) T Preas = Eit 2.6.72 
Pp Ot ( n ) Pu eve I(x ) ( ) 
with 
E(x, t) = Vias + Ez, t) + Porte + U EN 


Obviously, we can infer from theorems 2.1.1, 2.1.2 and lemmas 2.6.1, 2.6.2 that 
| CO S Qe Olin + lee) as + Oc) 2 + Has CODD (2.6.73) 


leading to 
t 
f |El (dee Cy, Vt>0. (2.6.74) 
0 
Multiplying (2.6.72) by “= in L?(0, 1), we obtain 


2 
< al (2.6.75) 


2 


N rrr 
— (t 
m 


which, combined with (2.6.74) and theorems 2.1.1, 2.1.2 and lemmas 2.6.1, 2.6.2 
gives, for all t > 0, 


t 
MNCTHES | lias s)|2ds< Cy. (2.6.76) 
0 


Using (2.1.18), the Hólder inequality and theorem 2.1.1, we derive from (2.1.6) 
that for any t > 0, 


t 1 +0 t 1 oo 1 
| | | | I? dwdvdads < a f n n f — 9? dwdvdads < Ci, (2.6.77) 
0 Jo Jo ga” o Jo Jo sı © 


t pl poo t pl 
Ii] [etos af | (n? + 0°) dxds 
o Jo JO s! o Jo 
t 1 +00 
+ f n n f I? dwdvdzds 
o Jo Jo gi 


EQ, (2.6.78) 
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t 1 Too : 
n n n | I2. dodvdzds 
0 Jo Jo gc 
t 1 +00 1 
< a f n n f (Ma HNS + S2,)dadvdads 
0 Jo Jo gi C) 


t 1 
ee | n (n2, + È, +1? + 0?) dads 
0 J0 


t 1 Too 
+O n n n f I? dadvdads 
0 J0 40 si 


<Q. (2.6.79) 


By (2.6.7), (2.6.9), (2.6.16), (2.6.18), (2.6.72)-(2.6.79) and theorem 2.1.1, and 
using the interpolation inequality, we obtain for any t > 0, 


[vH + || @xzxe(t) ||? T IDMOIPS RS ole 


t 
+ J (Ital or + l8 ssl T [| Pell pce + || 9.zel| a) (8) ds < C4. (2.6.80) 
0 


Differentiating (2.1.4) and (2.1.5) with respect to t, using (2.6.69), (2.6.12) and 
theorems 2.1.1 and 2.1.2, we derive that for any t > 0, 


| Une) I< Cibo CO I + Co CI CO Ma + Hoi C O1 + Oe) Man) S Ca, (2.6.81) 


ave) & Ci 10s COI + IZM) + Cos Cl + lose) + 12408 a 
+ 8:00 as) S C (2.6.82) 
which, together with (2.6.9), (2.6.18), (2.6.80) and theorem 2.1.1, yields for all t > 0, 
IO + l8 CO] 


t 
= f MR + || cre ||” + vrull? T losa?) (5) ds < C4. (2.6.83) 
0 
Employing the interpolation inequality and (2.6.83), we get for any t > 0, 
f 
|v CD Urs + oles + | (|| Vaxcll + [MISIT ds € C4. (2.6.84) 


Now differentiating (2.6.72) with respect to x, we find 


where 


O (Ners 
E(x, t) — Fm, t) Puch rex ux " p 
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Using the embedding theorem, lemmas 2.6.1 and 2.6.2 and theorems 2.1.1, 2.1.2, 
(2.6.68) and (2.6.82)—(2.6.85), we can conclude that 


|| Ex CD] S COl + lnc) lle + Dos COM aas): 


[CON e (Is OI t Monaco + || (292) col) 


< Gib CIE + Ca (1l Mrs CO Olla) 


which imply 
[EDIS Ci] Meee CO |] + Co 110500) I rs + Dll + lle) Il as). (2.6.86) 
We infer from (2.6.19) and (2.6.20) that 
t 
| (vull? + ||Oull2)(2)de< Ch, Vt 0 (2.6.87) 
0 
which, together with (2.6.48), (2.6.50) and (2.6.66), gives 


t 
f (llvzrll? + || Otear||”)(t) dt << C, Yt>0. (2.6.88) 
0 


Thus it follows from (2.6.68), (2.6.88) and lemmas 2.6.1, 2.6.2 and theorems 2.1.1, 
2.1.2 that 


t 
TAKOLE Cy, Vt>0. (2.6.89) 
0 


Multiplying (2.6.85) by “= in L°(0, 1), we get 


2 
N rrrr (t) | p 


n 


d 
dt 


a o| < QIRA. (2.6.90) 
Thus it follows from (2.6.89) and (2.6.90) that for all t > 0, 


tre) |[? + n lass (S) ds < Cs. (2.6.91) 


Differentiating (2.1.4) with respect to x three times, using lemmas 2.6.1, 2.6.2 and 
theorems 2.1.1, 2.1.2 and the Poincaré inequality, we can derive for all t > 0, we infer 


| asa (4) |] S Ci Yaa (t)|] + Co Iba C Hrs + os gs + llls) (2.6.92) 
Thus it follows from (2.6.89)-(2.6.92) that 


t 
| Cllossssel + Mash s) ds < C4- (2.6.93) 
0 


Differentiating (2.1.5) with respect to x three times, using (2.6.67), (2.6.68) and 
theorems 2.1.1, 2.1.2 and the Poincaré inequality, we infer 
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[Osez (t) | S Ca Ch CO Mags + MvO as + (Ox) + lOean 
Hs CO qos x(-1,1)))- (2.6.94) 


From (2.6.80), (2.6.84), (2.6.92) and (2.6.94), we conclude for all t > 0, 
[ || Ora 8) | ds < Cy, (2.6.95) 
which, together with (2.6.81) and (2.6.94), gives for all t > 0, 
[ele + aes e (2.6.96) 


At last, using all previous estimates and the interpolation inequality, we can 
easily derive desired estimates (2.6.67)—(2.6.70). The proof is complete. 


Lemma 2.6.4. If assumptions in theorem 2.1.3 hold, then for any (ng, vo, 09, Zo) € H, 
the following estimate holds for all t > 0, 


IZ) lls € Ch. (2.6.97) 


Proof. By (2.1.6), we have 


coo 
pet P =f (| nr (nS) ddr): dx 
gio 
Too +00 1 2 

caf ei J: Mas Sdody) E (f | —t,,S,dedv) dx 

0 0 si @ 0 si C 

Too 1 9 +00 1 2 
+ ¢) / —t, S; dev) + (f | — Ss doy) dx 
0 si @ 0 gi C 
4 

x 2. Gi. (2.6.98) 


Applying the Hélder inequality and the interpolation inequality, (2.1.18) and 
theorems 2.1.1, 2.1.2 and lemma 2.6.3, we get 


1 Too 
1 1 ~ 
Gi < a f i (f f DR c, (B? | P) t 3054 o(1 I dodv) dz 
0 ^ AJo gi © o 


1 
<Q J i. dz < C4, (2.6.99) 
0 


1 1 +00 2 
Gə < a f n2 (n2 + 62) da + a f arr f (0a +0,)Izdodv) dx 
0 0 0 sl 


1 
+O J (id +02) de 
0 


< O (Iss + Mêl) < Ca- (2.6.100) 
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Analogously, we have 


Too 
C< anl Hekta f (ff metodo) d 
gi 
< C, (2.6.101) 


+00 
G, € C (Inn 8l) + C. ri (f f. 0,0.) las dodi) de 
Si 


SG. (2.6.102) 
Inserting (2.6.99)—(2.6.102) into (2.6.98), we obtain for all t > 0, 


Differentiating (2.1.6) with respect to x four times, we arrive at 


Too T 
Iss orsa f (f fisioa) +a | f oes Sdods) 
0 0 
ar a( fo d. La, Sedo) + a( qu d. EL 
0 
+ up m de= A 2.6.104 
a(f E 58, dodr). dx Da ( 6 0 ) 


Similarly, we can deduce from lemmas 2.2.1—2.2.9, 2.3.1 and 2.3.2, 


1 
H < a f Wp AL € Ch, (2.6.105) 
0 


1 1 oo 2 
H, « C | m.p + È) + Cy | ( n | I,dodv) dz 
0 0 0 Si 


1 +00 2 
< O (ln. lias + 119212) + C. I ( f | Ldod) de< Cy, (26-106) 
0 0 $t 


+00 
Hs € C(ai + lOl) «af (f f Indodv) E C4, (2.6.107) 
gi 
Too 
Ha < Clm + IlOll) «af vi f. L,dodv) “ee C4,  (2.6.108) 


+00 
Hs < Ones + Pale) a f (J f Inger deodv) "dex Ch. (26.109) 
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Inserting (2.6.105)-(2.6.109) into (2.6.104), we get for all t > 0, 
E essel" < C1, 


which, together with (2.6.103) and theorems 2.1.1, 2.1.2, implies (2.6.97). The 
proof is now complete. 


2.7 Asymptotic Behavior of Solutions in H4 


This section will be devoted to the study of the asymptotic behavior in H4. 


Lemma 2.7.1. If assumptions in theorem 2.1.8 hold, then we have 


im. Ihr) — mls 0, (2.7.1) 


where = fy n(y, t) dy. 
Proof. Using (2.6.68), (2.6.75) and lemma 1.1.2, we get 
lim ||j,,,(£)|| = 0. (2.7.2) 


t— +00 


Recalling (2.6.91) and (2.6.92) and lemma 1.1.2, we obtain 


which, together with (2.7.2), (2.5.1) in lemma 2.5.1 and the Poincaré inequality, 
yields (2.7.1). The proof is now complete. 


Lemma 2.7.2. Under assumptions in theorem 2.1.3, we have 


lim |) a= 0. (2.7.3) 


i 
Proof. From (2.6.42)-(2.6.48), we can estimate for any € > 0, 


ols + Op osa N? < ellos COME + 0s C1) Ca CIL CO ie 
+ Ils Mon + MO COTÉ + Hos COP 
+ lm C20). (2.7.4) 


Using (2.7.4), theorem 2.1.2, lemmas 2.6.1—2.6.3, we obtain 


Jim llva (£^ 0, (2.7.5) 


which, along with (2.6.7) and theorem 2.1.2, implies 
,lim. vs] = 0. (2.7.6) 
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By theorems 2.1.1, 2.1.2 and lemma 2.6.3, and using the interpolation inequality, 
we obtain 


| pas (2) S Co CIE CO Lae + Mrs C e + Oe) Ile 11050010 (2.7.7) 


Differentiating (2.1.4) with respect to t once and x twice, multiplying the resulting 
by vin L?(0, 1) and using the Young inequality and theorems 2.1.1, 2.1.2, we dedive 


d 
ai loD? + Mss CDI < CM pas CO I. + Colo CO + Mos CO Ize + Mns CO oa); 
which, together with (2.7.7), theorems 2.1.1, 2.1.2, lemmas 2.6.3 and 1.1.2, gives 
lim || Urce( t)||"= 0. (2.7.8) 


From (2.6.51)-(2.6.55), we have derived for small ¢ > 0, 


d = 
qlo + Cz 6:401 
< e(l Oaa ONË + Moss CO) + CEO Mis + lOe 
+O +O + vO? + EO iosi, + llos) 
which, combined with lemmas 2.2.9, 2.6.3 and 1.1.2, implies 
,lim llOn =0. (2.7.9) 


By (2.7.9), (2.6.16), theorems 2.1.1, 2.1.2 and the fact lim, , +..||Z,(#)||’= 0, we 
arrive at 


lim. ||Ozcx()|| = 0. (2.7.10) 


t+ 
Thus, by (2.7.2), (2.7.6), (2.7.8), (2.7.10) and theorems 2.1.1, 2.1.2, we obtain 
lim lonli) = 0, 


which, together with (2.7.6) and theorems 2.1.1, 2.1.2, yields (2.7.3). This proves the 
proof. 


Lemma 2.7.3. If assumptions in theorem 2.1.3 hold, then we have 


pa — Bl) a= 0, (2.7.11) 
where 0 > 0 is determined by e (5, 0 -fhü lq + e(no, 09) + Fg(0)) de. 


Proof. Obviously, the Young inequality gives 


d Too 
Gla lle -1,1)xRy a [iu Iydadvdz 
+00 +00 
«fi f Reodaes [ f J iaonvas 
0 Jo s! 0 Jo s! 
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which, together with (2.6.39), (2.6.69) and lemma 1.1.2, gives 
fim ML) Ili cim) 0. (2.7.12) 


Thus it follows from (2.6.13), tee and theorems 2.1.1 and 2.1.2 that 
im. [In CS) ale] = 0. (2.7.13) 


Similarly, from theorems 2.1.1 and 2.1.2, we derive for small e > 0, 


d 
gle? + Cr Oaa ON? < E On ON + Ios OA + OOl + 10221 


* M8.) In + vD? + M8 COME + EO oR, 


t Ma) sto 1x8.) 


which, together with (2.6.39), theorems 2.1.1, 2.1.2, lemmas 2.6.3 and 1.1.2, implies 
lim |Ou(4)|| = 0. (2.7.14) 


We can derive from the similar estimate as (2.6.21) 
OES eee. : + [os C0] + Mns CO] + eC) | + [xe (#) II + 050 Lugo 
+ ln) ul 
whence, by (2.7.9), (2.7.10) and (2.7.12)- (2.7.14), 
Tim (fo (0]| = 0, 
which, combined with (2.1.25), (2.7.2), (2.7.6), (2.7.10) and the fact 
limi +0||Zar(t)||’= 0, yields 
lim ||01.,. (t t)|^— 0. (2.7.15) 


to+ 


Thus (2.7.11) follows from (2.7.10) and (2.7.15). The proof is thus complete. 


Lemma 2.7.4. If assumptions in theorem 2.1.3 hold, then we have 


Jim IZ (0s 0. (2.7.16) 


Proof. From (2.1.6), it follows 


4 oo 1 2 +00 1 2 
Iz. olt < | | Ls 1, su Sdody | if S nca 


+00 +00 
f Ls —n, S4, de dv n DE =N Srez do dv 
gi 0 


= 5 M;. (2.7.17) 


+O 


2 


TÓC i 


ll 
= 
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Using (2.1.18), theorems 2.1.1, 2.1.2 and lemma 2.6.3, we deduce 


1 +00 - 2 
Mı < a f "n... (J f (o,(B—I)+o,(1 — 1)) doa) dx 
0 0 Ei 


< C nas COL (2.7.18) 
1 
M< af 1 +O; 1) de < C (Ibm CO Mon + lAl). (2.7.19) 
Analogously, 
Ms < Ci (nDl + NOl + MET COL); (2.7.20) 
Ma < Ci lbs CO Ms + NOO Me + MET COM + E)N’). (2.7.21) 


Inserting (2.7.18)-(2.7.21) into (2.7.17) and using theorems 2.1.1, 2.1.2, (2.7.2) 
and (2.7.15), we have 


im \|Z exze( t)||’= 0. (2.7.22) 


Similarly, we get 


+00 +00 
m Hll? < C ——Ó P Ci | Le TN pry Ox "M 
1 Too 2 
+C Ir i Hy Sr dco dv E Ci n nr N, S rrr do dv 
0 gi C 
+C f J: LT = Nj. 2.7.23 
: 0 Suo) 5 ( ) 


Similarly to (2.7.17) and by a more delicated computation, we can derive 


N, < Cll All, (2.7.24) 

No < Callin +All) (2.7.25) 

Ns < Cs(Iins CO [jn + lOAN + lZ’), (2.7.26) 

N, < O (Ij CO [rs + 42(0) s Ms CO I + ED, (2.7.27) 


Ns < Cipro CO lg + NOl + [Zane CO MT + IET COM MET (IP). (2-7.28) 


Asymptotic Behavior of Solutions for the Compressible Viscous Gas 85 


Plugging (2.7.24)-(2.7.28) into (2.7.23) and using theorems 2.1.1, 2.1.2, (2.7.1), 
(2.7.11) and (2.7.22), we get 


lim ||Z s; (£5) — 
im || — all 0, 


i 


which gives (2.7.16). Thus this completes the proof. 


Proof of Theorem 2.1.3. Combining lemmas 2.6.1—2.6.4 and 2.7.1-2.7.4, we can 
complete the proof of theorem 2.1.3. 


2.8 Bibliographic Comments 


It is well-known that radiation dynamics includes the radiative effects into the 
hydrodynamical framework. When equilibrium holds between matter and radiation, a 
simple way to do that is to include local radiation terms into state functions and 
transport coefficients. From quantum mechanics, we know that radiation can be 
described by its quanta, the photons, which are massless particles traveling at the 
speed c of light, characterized by their frequency v, their energy E = hv (where h is 
Planck's constant), and their momentum p = Dre with Q is a vector of the 2-unit 
sphere. Moreover, from statistical mechanics, we can describe macroscopically an 
assembly of massless photons of energy E and momentum 7 using a distribution 
function: the radiative density I(r, t, ÖĞ, v). Using this fundamental quantity, 
we can derive global quantities by integrating with respect to the angular and fre- 
quency variables: the spectral radiative energy density Ep(r, t) per unit volume 
is then Eg(r, t) :=+f f I(r, t, Q, v)dOdv, and the spectral radiative flux Fr = 
Jf QI(r, t, Q, v) dQdy. If the matter is in thermodynamic equilibrium at constant 
temperature T and if radiation is also in thermodynamic equilibrium at matter, its 
temperature is also T'and statistical mechanics tells us that the distribution function 
for photons is given by the Bose-Einstein statistics with zero chemical potential. 

When there are no radiative effects, the complete hydrodynamical system can be 
derived from the standard conservation laws of mass, momentum and energy using 
Boltzmann’s equation satisfied by the f,,(r, 0, t) and the Chapman-Enskog 
expansion Gallavotti [43]. Then this reduces to the compressible Navier-Stokes 
system 


(pt), + V - (pi & i) — —V - I1 4 f, (2.8.1) 


where I = —p(p, T)1 +7 is the material stress tensor for a newtonian fluid with the 
viscous contribution # = 24D + AV - ii I with 34 + 2u 2 0 and u > 0, and the strain 


tensor D such that Dj = 5 (2: + 22). q is the thermal heat flux and f and g are 
Tj Ti 


external force and source terms. There are many mathematical researchers who 
studied such models and related models. We can refer to Antontsev et al. [3], 
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Batchelor [4], Choe and Kim [13, 14], Constantin et al. [15], Ducomet and Zlotnik 
[22], Feireisl [28], Feireis! and Novotny [29], Feireis] and Petzeltova [31-33], Feireisl 
et al. [30], Fang and Zhang [26, 27], Foias and Temam [34, 35], Frid and Shelukhin 
[36], Fujita and Kato [39], Galdi [42], Hoff [46-49], Hoff and Serre [51], Hoff and 
Smoller [52], Hoff and Ziane [53, 54], Huang et al. [58], Jiang [61-67], Kawashima [68], 
Kawashima and Nishida [69], Nishibata and Zhu [70], Kazhikhov [71, 72], Kazhikov 
and Shelukhin [73], Lions [84], Matsumura and Nishida [90-93], Okada [97], Paicu 
and Zhang [98], Qin [101-105], Qin and Hu [113, 114], Qin et al. [115, 116, 118-120, 
126, 127, 131], Qin and Huang [121, 122], Qin and Jiang [125], Qin and Rivera [129], 
Qin and Song [130], Qin and Wen [132], Qin and Zhao [134], Serrin [136], Temam 
[139, 140], Xin [146], Xin and Yan [147], Zhang and Fang [150-154], Zheng and Qin 
[156], and references therein. 

In the framework of special relativity, the foundations of radiative fluids have 
been described by Pomraning [99, 100] and Mihalas et al. [94]. Later on, Buet et al. 
[10] and Lowrie et al. [89] studied in the inviscid case. Dubroca et al. [17], Lin [79] 
and Lin et al. [80] investigated for numerical aspects. For more results, we can refer 
to Chandrasekhar [12], Gallavotti [43], Jiang [61], Lowrie et al. [89] and Zhong and 
Jiang [157]. 

When radiation is present, Chandrasekhar [12] investigated the radiation 
integro-differential equation: terms j and g include the terms for the coupling 
between the matter and the radiation, depending on J, and Zis driven by a transport 
equation. 

If the matter is at local thermodynamics equilibrium (LTE), the coupled system 
reads (see, e.g., Mihalas and Weibel-Mihalas [94] and Pomraning [99] for details) 


p, - V - (pii) — 0, = 

(pt), +V- (pt @ %) =-V- Ü+ Sp, 

(pe), + V - (peii) = - Vd — D: Ñ + Sp, 

137 pu v) - Q- VI(r, t, Q, v) = S(r, t, Q, v), 


(2.8.2) 


where p(z,t), u(z,t), 0(x,t) represent the density, velocity and temperature, 
respectively, the coupling terms are 


EM 


Silt, t, Q, vy = e (v, Q, p, T, aa | BC, T) — I(r, t, Q, v) 
+f folr to -O, y > y) 
x {= I(r, t, &, v)I(r, t, B, v) — olr, t, p, & -G, v — v) 
x I(r, t, €, v)Itr, t, G, » }da'ay, 


the radiative energy source 


Sg(r, t) : = f [s t Š, 202. 
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the radiative flux 


t) == ff su, t, Q, v)dQay, 
C 


the functions c, and o, describe in a phenomenological way the absorption-emission 
and scattering properties of the photon-matter interaction, and Planck function 
B(v, 0) describes the frequency-temperature black body distribution. We also note 
some results in Buet and Després [10], Dubroca and Feugeas [17], Jiang [61], Lin [79], 
Lin, Coulombel and Goudon [80], Lowrie, Morel and Hittinger [89] and Zhong and 
Jiang [157]. 

Let us now recall some previous works concerning the one-dimensional radiative 
fluids. In Ducomet and Neéasová [19], Ducomet and Neéasová considered the fol- 
lowing system 


ni = Ur, 

U = Ox — N( SF) po 283 
(e+ 1?) = (ev — Q), — n(Sg)g. 83) 
l+! (co — v) I, = cS 


with (Sp), = ZU Jo. | @S(a, t; v, 2) dvdo in the domain (0, M) x Ry subjected to 
the Dirichlet-Neumann boundary conditions 


v]. o = 0, Qlļz=0,m =0, (2.8.4) 
and 


Ilo =O for w € (0,1), I|, 4, = 0 for œ € (—1,0). (2.8.5) 


For q2 r+ 1 with some suitable assumptions, they proved the existence and 
uniqueness of weak solutions. However, all estimates depended on any given time 
T > 0. So they could not study the large-time behavior of problem (2.8.3)—(2.8.5) 
based on their estimates. Ducomet and Neéasová [20] investigated the problem 
(2.8.3) with the different boundary conditions from Ducomet and Neéasova [19] 


vox =9, Ql.-ou = 0, (2.8.6) 
and 
I. = B(v) for œ € (0,1), I, = h(v) for o € (—1,0) (2.8.7) 


and proved that the unique strong solutions of problem (2.8.3)-(2.8.6) converge 

to a well-determined equilibrium state at exponential rate in H'(0,M) for 

the fluid variables 7, v, @ and in L'(0, M) for the radiative intensity 
=f = fad (x, t; v,@) dadv. 

Ducomet and Nečasová [18] established the global existence of solutions to the 
system (2.1.3) and (2.1.14) in H; (i= 1, 2). However, estimates obtained there 
depend on any given time T, so they also could not investigate the large-time 
behavior of global solutions in H; (i = 1, 2) based on their estimates. Moreover, in 


88 1D Radiative Fluid and Liquid Crystal Equations 


Ducomet and Neéasová [18], all estimates hold only for g = 2r + 1. In [109], we have 
established uniform-in-time estimates of (n(t), v(t), O(t), Z(t)) in H; (i = 1, 2, 4), 
which hold for q > r+ 1. For q È r + 1, a È 0, Qin et al. [111] established the gobal 
existence of solutions in H; (i= 1, 2). Hence our results in this chapter have 
improved those in Ducomet and Nečasová [18] and Qin et al. [111]. Furthermore, the 
system considered here is quite different from that in Qin [104], so our 
uniform-in-time estimates are also quite different from those in Qin [104]. 


Remark 2.8.1. The multi-dimensional viscous situation has been poorly understood 
even at the formal level. Since the one-dimensional model possesses the special 
constitutive state equations, which the multi-dimensional model do not have, to our 
knowledge, we have not found any results on the global existence and asymptotic 
behavior of solutions to system (2.8.2), i.e., the multi-dimensional case of 
(2.1.3)-(2.1.6). Moreover, some Sobolev embedding inequalities and interpolation 
inequalities involved in our arguments heavily depend on the dimension, hence this 
may bring about some difficulties in deriving uniform-in-time estimates. In a word, 
the method we deal with the one-dimensional case can not be applied directly to the 
multi-dimensional case, which depends on the special constitutive relations of state 
functions, and so on. However, we can refer to Kippenhahn and Weigert [74] for a 
macroscopic treatment of radiation in the astrophysical context, and Feireisl [28] and 
Qin [104] for the associated mathematical treatment. 


Chapter 3 


Global Existence and Regularity 
of a One-Dimensional Liquid 
Crystal System 


3.1 Main Results 


This chapter will establish the global existence and regularity of solutions to the 
following system 


p, + (pu), = 0, (3.1.1) 
(pu), + (pu?), + (P(p)), = uus — A( nal), (3.1.2) 
m4 + un; = (nz, + |n| n) (3.1.3) 


where x€ [0, 1]. Here, p > 0 is the density function, u denotes the velocity, 
n represents the optical director of the molecules, P(p) = p”(y = 1) is the pressure, 
and A, u, 0 are positive constants. For simplicity, we assume 4 = u = 0 = 1 in this 
chapter. The results of this chapter are chosen from [117]. 

We consider the following initial-boundary value problem for (3.1.1)-(3.1.3) in 
the reference domain ((z, t): 0 < x< 1, t€ [0, T]). for any given T > 0 under the 
initial conditions and boundary conditions 


p(z, 0) = po(z); u(z, 0) = uo(z), n(z, 0) = no(z), (3.1.4) 


u(0, t) = u(1, t) = 0, n,(0, t) = n,(1, t) = 0. (3.1.5) 


Equations (3.1.1)-(3.1.3) reveal system modeling the nematic liquid crystal flow 
which consists of subsystem of the compressible Navier-Stokes equations coupling 
with a subsystem including the heat flow equation for harmonic maps. It was derived 
from the theory of hydrodynamics motivated by the Ericksen-Leslie system 
(Ericksen [23] and Lesile [77]) for the nematic liquid crystal flow. Equation (3.1.1) 
represents the transporting relation (conservation of mass), equation (3.1.2) is 
the conservation of the linear momentum and equation (3.1.3) is the heat flow of 
harmonic map equation. 


DOI: 10.1051/978-2-7598-2903-3.c003 
© Science Press, EDP Sciences, 2022 


90 1D Radiative Fluid and Liquid Crystal Equations 


The notation in this chapter is standard. We put ||-|| = ||-]| z201]: Subscripts t and 
x denote the (partial) derivatives with respect to ¢ and 2, respectively. We use 
C; (i— 1, 2) to denote the generic positive constant depending on the 
ll (9; o; no) ps gis. (i= 1,2), minsejo,1] w(x), minzejo,] no(z) and time T, and 
C; (j— 3, 4) depending on #0, 1] norm of initial data (po, uo, no), 
minze(o,1) uo(z), minsejo,1) no(z) and time T. 


Without loss of generality, we may assume m po(z) dz = 1. Under the Lagrangian 
coordinates, a.e., 


y= n po(&, T) dé, t=, 
0 


system (3.1.1)-(3.1.5) is transformed into the following system 


U = Uys (3.1.6) 
Uy nj 
üpe | PEEL. (3.1.7) 
U vU 
y 
1 2 
m=- (=) + LM (3.1.8) 
v\usy U 
(v, uU, n)\ 10 = (vo, Uo, no), (3.1.9) 
u|, 01 = 0, nyly=0,1 =0 (3.1.10) 


1 1 
where v — - and w = —. 
P 0 Po 


In the sequel, we shall only consider the following case: 
|n|? = nin; = 1. (3.1.11) 
Our main results in this chapter will read as follows (see also Qin and Huang 
[124]). 


Theorem 3.1.1. Suppose that (vo, uo, no) € H'[0, 1] x Hà[0, 1] x H?[0, 1] and the 
compatibility conditions hold. Then there exists a unique global solution 
(v(t), u(t), n(t)) e H'[0, 1] x Hj(0, 1) x H?[0, 1] to the problem (3.1.6)-(3.1.10) 
such that for any (y, t) € [0, 1] x [0, T] (for all T > 0), 


0< C; < u(y, t) < Ci, (3.1.12) 


Global Existence and Regularity of a One-Dimensional Liquid Crystal System 91 


and 
lO lin +All + Ole + Ue)? 


t 
+ ff (luli + [rl + Il?) O ae e (3.1.13) 


Theorem 3.1.2. Suppose that (vy, uy, no) € H?[0, 1] x H2[0, 1] x H?[0, 1] and the 
compatibility conditions hold. Then there exists a unique global solution 
(v(t), u(t), n(t)) € H?[0, 1] x H2[0, 1] x H?|[0, 1] to the problem (3.1.6)-(3.1.10) 
such that for any (y, t) € [0, 1] x [0, T] (for all T > 0), 


lo) fors +e) M + Min CO Ms + Him CO as + Hu CO E 


t 
i | (denl? + Em] + El C dc < Cb. (3.1.14) 


Theorem 3.1.3. Suppose that (vo, uy, no) € H*[0, 1] x Hj[0, 1] x H^[0, 1] and the 
compatibility conditions hold. Then there exists a unique global solution 
(v(t), u(t), n(t)) € H*[0, 1] x AYO, 1] x H^[0, 1]) to the problem (3.1.6)-(3.1.10) 
such that for any (y, t) € [0, 1] X [0, T] (for all T > 0), 
|| eC) ire + ee rs + in CO ors + M me C ie + Due CO Mrs + DE COL + Heu CO 
t 
2 2 2 2 2 2 
+ f Mellin lle lele + alle nl + [mul X9 dr< Ch. 


(3.1.15) 


Remark 3.1.1. It is worthy to point out here that the solution (v(t), u(t), n(t)) 
obtained in theorem 3.1.3 is, in fact, a classical solution such that 


Co, W(t), ADI s. ccc € C (3.1.16) 


3.2 Global Existence in H! x H1 x H? 


In this section, we shall prove theorem 3.1.1 by establishing a series of lemmas. 


Lemma 3.2.1. If assumptions in theorem 3.1.1 hold, then the following estimates are 
valid in the Euler coordinates, 


T. T 1 
| (pu? + nlp) 24a | n (i2 P |n x n^) dxdt < Ci, (3.2.1) 
0 0 0 
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T 1 
[ |n; dz + f | |n; |^ dadt € €, (3.2.2) 
0 0 


D >l, 
where n(p) = Ü j-1! ? 
plog p — p, y=. 


Proof. Multiplying (3.1.2) by u, using (3.1.1) and integrating the resulting equality 
by parts, we have 


1d [i 


1 1 
== (ou? + x(p))de+ | wae f |p|? thy da. (3.2.3) 
2 dt Jo 0 0 


Thus we derive from (3.1.11) that 
ny; + |n n = —n x (n x ny). (3.2.4) 


Multiplying (3.2.4) by n,,, we obtain 


d [i 1 1 
al |n; dz + i nj udee2 f |n x na^ dr = 0 
dt Jo 0 0 


which, along with (3.2.3), gives (3.2.1). 
Multiplying (3.1.3) by nsin L7[0, 1], integrating the resultant by parts and using 
the Gagliardo-Nirenberg interpolation inequality, we derive 


d [i 1 1 1 
sf nane f nsa f ung nudes. | |n; [^ dz: 
dt Jo 0 
-[ IL CE Inl? u,dr 
«af |n, |^ dz + af u? dx 
0 


< Cilin l| reall + Ci] ell” 


1 2 6 2 
< 5 lP + ial + Mul) 


which, together with (3.2.1), gives (3.2.2). Thus this proves the lemma. 


Lemma 3.2.2. If assumptions in theorem 3.1.1 hold, then the following estimates are 
valid for any T > 0 in the Lagrangian coordinates, and for all t € [0, T], 


f (eem: hPa JUNE ax (8). 


2 
dydt < Ci, 


(3.2.5) 
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[5 LN nf [ |) | ens C, (3.2.6) 


iy 
yl "ET 
h = S2 y > , 
IER) lr euer y=. 


Proof. Using lemma 3.2.1 and the total mass conversation f^ vdy — D^ vo dy, we 
easily derive (3.2.5) and (3.2.6). 


Lemma 3.2.3. For any t € [0, T] (for all T > 0), there exists one point yy = y(t) 
€ [0, 1] such that the solution v(y, t) to problem (3.1.6)-(3.1.10) possesses the 


following expression 
nf Gi m| No TA (3.2.7) 
0 
where 


Dy, = we [^ wat - [^ f w(ë) d£ + =f [ ME 2)dedy). (3.2.8) 


Z(t) -o0(-2 ff Cam 24 dn Ha) yin m - [ow (3.2.9) 


Proof. The proof is standard, we refer to lemma 2.2.2. 


u(y, t) = Diy, t) Z(t) 


Lemma 3.2.4. For any T > 0, we have 
0<C,' <vly,t)<C, for all (y, t) € [0,1] x [0, T], (3.2.10) 


t 
| lm). ds Ci, for all t € (0, T]. (3.2.11) 
0 


Proof. The present proof is more delicate than that of lemma 4.2.5 of this book. 
Obviously, we derive from (3.2.3) that 


DeC «nDwüsO, («O0 «Z1. (3.2.12) 
Noting that v( P+ LS » 0, using (3.2.7) and (3.2.12), we have 


v(y, t) > Diy, t) Z(t) > Cy > 0. (3.2.13) 
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Employing W1!— I^, lemmas 3.2.2, 3.2.3 and (3.2.12), (3.2.13), we deduce 
i In 
v(y, t) € C 4- C vP + —— |ds 
0 v 


L* 


ENG 
B o |Jo "V 0 v Jy 
t 1 2 1/2 1 1/2 
N, 1 
0 0 UV o V 
11 f'Inyl 2 \ Tn " 
+ ls (=) dy (/ ody) Jono 
o V V Jy 0 
t 11 il ; 2 
< ara f (/ su f In ay 
0 o v 0 Uv 
2 
11 3 1 
H i (=) dy 4 n vdydy | v(y, s)ds 
0 v U y 0 
t 11 In] 
<C+C, 1+ — 
0 o v v Jy 


which, using the Gronwall inequality and (3.2.6), (3.2.13), gives (3.2.10). The 
estimate (3.2.11) hence follows from (3.2.10) and the proof of (3.2.14). Thus this 
completes the proof. 


IA 
Q 
| 
T 
Q 
o— 


^ 
Q 
| 
T 
Q 


<C + 


Q 


2 
dy | u(y, s)ds (3.2.14) 


Lemma 3.2.5. If assumptions in theorem 3.1.1 hold, then the following estimate is 
valid for any T > 0, and for all t € [0, T], 


1 t pl 
ri v, dy + n n (nj + [ny + |r|”) dyds < Ch. (3.2.15) 
0 0 Jo 


Proof. It clearly follows from (3.1.7) that 


2 
V 2ny + Nyy 2|n,| ty Yvy 
(^ ) "a v? a v3 T TESEN (3.2.16) 


Multiplying (3.2.16) by u — & and then integrating the resulting equation over 


v 


Q; = [0, 1] x [0, £],t € [0, T] (for all T > 0), we have for any e > 0, 
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Zu. (vy + [ny 2) dyds 


U 
e: fu iei [P f (iol + lny: me Iy no+ fln) du 


sa 


< 


MU (v5 + [ny v2) dyds 


t 1 
«af cule f. u? dyds + af | Inl dyds 
0 0 0 0 


which, by taking e > 0 small enough and using (3.2.5) and (3.2.11), gives 


t pl t pl 
+ li (v; + In| v2) dyds <Q+Q | n Inyj[^ dyds. (3.2.17) 
0 Jo 0 Jo 


By (3.2.6), we derive 


[f (Hat Ve "a He) Faves [ [2 ga dyds 
0 Jo V y 0 JO 

[n LT duds af [^ LE LE 
0 


t pl t 1 
n n In| dyds < Ci + a f loli f v; dyds 
o Jo 0 0 


which, with (3.2.17) and ||u| € C, in (3.2.5), gives 
| Ji «ff (+ [n^ v Daissar a f | ny(s M f. vidyds. (3.2.18) 


Applying the Gronwall inequality to (3.2.18), and using (3.2.6) and (3.2.11), we 
conclude 


Thus 


t 1 
lol f ni (In + nyl? 0+ |n? + |o) dyds < Cy. (3.2.19) 
From (3.1.8) and (3.2.19) it follows that 
Il mC) I] S Cr([]ry(4)|] + |] ew) (3.2.20) 
or 
|| yy C2]] € ada] lH. (3.2.21) 


Thus we deduce from (3.2.11), (3.2.19) and (3.2.20) that for all t € [0, 7], 


t 1 
n ^ In^ dyds < C, 
0 0 


which, with (3.2.19) and (3.2.21), gives us (3.2.15). Hence this proves the lemma. 
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Lemma 3.2.6. If assumptions in theorem 3.1.1 hold, then the following estimates are 
valid for any T > 0 and for all t € [0, T], 
eC)? + rant)? COD 
" [ (Ie? + |] eu |? |] (9) ds < Ch. (3.2.22) 


Proof. Multiplying (3.1.7) by u,, and then integrating the resulting equation over 
Qa using the Poincaré inequality and (3.2.15), we obtain 


t 
[c+ fleas 


t pl 
2 
<+ af f (lvl + [uyvy| + [ny + nyj| + [nyl log) lul duds 


Fi ? ' ; 
sa zi luto ds + af (oie ‘(ss 
sai psa e f (loll Isl lal 
«eie S [Musee ei f polos] 
which implies 
|| CO] + | | uso] ds C1 + af laslan) ds. — (3.2.23) 


Differentiating (3.1.8) with respect to t, multiplying the resulting equation by n; 
integrating it by parts and using lemmas 3.2.2-3.2.5, (3.2.20), (3.2.21) and (3.2.23), 
we arrive at 


D 1 2 t 5 
Ny 
Ia f | [ral D dyds = |rs Of +2 f » Aids 
0 0 0 zi 


t 5 
= axi » Aids (3.2.24) 
0 


i=l 
where 
i My (Uy Ms + Uy Ney) In E 
Aj = = dy, Ag=-—3 dy, 
0 v 0 yt 
1 1 
Niy ` Ny Uy + Niy ` Uy In]? Inl? T2n,: nyn: n 
d n à dy A f dy, 
0 U 0 U 


1 2 
dw n 2|ny|^n - mu 
0 


v3 
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Using lemmas 3.2.2-3.2.5, the embedding theorem and (3.2.23), we derive that 
for any e € (0, 1), 


t pl 
I Aıdyds 
o Jo 


t pl 
Ny( Uyy M4 + Uy Mty) 
- fi f eant iy 
0 JO 


«a IDTOTCES C ef Cul Em + lll mL] s] D CS) ds 
<e f Mesa f (Institut mt boss 


(st C esce) e facit 
<a [stolae e (f Ipsi) (f amcotpustopie) 
«eL eo) "senta" 
ee (f lolas) “koa 
<2 f posao, f loa) 


+a f Éld o) 
t , 12 
zx f || CO ds + c (3) b ull") 


«(f M (f sss) tQ) 


«aes [Ipsis cio f Must) 


t t 2/3 
ex | || ms GO] ds + C) h+ f lro ila] 


+ Ci (s) 


f t 2/3 
<2 f Inscol ae eio [re ff la+ a| 

t t : 2/3 
«x f || n C) || ds + Ge) Gao) sup Jo f ole 


iE 
x G(s) +e sup [nf +26 f [|n] ds (3.2.25) 
O<s<t 0 
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and 


t t 1 
] Ariss af | [ny ` Ny ty v,| dyds 
0 0 J0 
t Pp, i 
«(f iPas) ( f ieoa) 
t ts pt i 
<a ew [soli Cf Inca) (f Instit 
O<s<t 0 0 
t " D 
«(f |usCs) | 21 


<C sup (lalia) hf TO zi 
O<s<t 


Sas Sup p (Hn s)||2) p+ f IO] zi 


«2e sup ||n(s)||? + 


L i 
«(f lesa) 
O<s<t 0 
<2e sup ||n(s)||? + 


: Qj 
[e f lest Mss 
O<s<t 0 


a 1/3 
<2e sup ||m(s)]^ + Ci + €. sup Inst f lnscn as) 
O<s<t 0 


O<s<t 


Q 


Q 


«3e sup ||m(s)||? + C. (3.2.26) 


O<s<t 


Similarly, we conclude that for any e > 0, 
a A3ds < af t ([ruy + My ty| + [Ny * nivy) dyds 
T [ ll. Cds C. (9) ' (Inl Ila] + Mn I IC) ds 


<2 j Ins CDI ds aA f Ims CD ds, — (8.2.27) 


t t ih 
| Ass Gf / (Iran? + [my + nyn: ru) dyds 
0 0 0 
t t 
T f lup(s)[P2ds-+ Cy l li(s) l2 lim C) ds 


<z f lima CS) l^ ds + Ci (e), (3.2.28) 
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t t pl 
Asds< af f Inl |n - Ny Uy| dyds 
o Jo 


0 


s ef Mstolt puto) Cf ooa) 


<e f || nas) || ds+ Cile) + ag f ROMOLA (3.2.29) 


Inserting (3.2.25)-(3.2.29) into (3.2.24), then taking supremum in ¢ on the 


left-hand side of (3.2.24), picking € > 0 small enough, we finally derive 


t t 
lO? S ms) as C+ Cy J [Ims CD || || ws CS) || ds. 
0 0 


Using (3.2.21), (3.2.23) and (3.2.30), we deduce 


t t 
sol f heds C+ Co sup n9 f. Ilo ds 
0 O<s<t 0 


X CO, sup ((\m()|? +1) 
O<s<t 


t 
«aa f pnl. hl ds 


which, using the Gronwall inequality and (3.2.11), implies 


t 
OP f hinl) a. 
0 


Thus it follows from (3.2.21) and (3.2.30) that 


t 
laO Ol nl f (llul + ||) (ds < Cr. 


Moreover, we can derive from (3.1.7) that 
leet) € C us CO] + bus C |] + [lev] + [| + [wD 
or 
| ea CD || € Ci CI] us CO || + Hee + [ev] + [yO] + [vO D- 


Thus we deduce from (3.2.31) and (3.2.32) that 


t 
n ||. (s)|2ds< Cy 
0 


which, along with (3.2.31), gives us (3.2.22). The proof is complete. 


Proof of Theorem 3.1.1. Using lemmas 3.2.2-3.2.6, we readily complete the proof o 


theorem 3.1.1. 


(3.2.30) 


(3.2.31) 


(3.2.32) 


(3.2.33) 


a 
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3.3 Proof of Theorem 3.1.2 


This section will establish the regularity in H? x Hj x H°. 


Lemma 3.3.1. Suppose assumptions in theorem 3.1.2 are valid, then the following 
estimates hold for any T > 0 and for all t € [0,7], 


t 
ICI ul f. stas o. (3.3.1) 


t 
Iso + [Url + Isole C: 2) 


Proof. Differentiating (3.1.7) with respect to ¢, multiplying the resulting equation 
by u, integrating it by parts and using lemmas 3.2.2—3.2.6, (3.2.32), we deduce that 
for any e > 0, 


Ier f Muss 
«GP f f [llus mast dt 
x ee ff Isto e f el Inl Il 
+ fell? ll f | Cs 


t t 
< ces f |u(5) || ds + af (lel? + ell” + Hd] (s)ds 


t 
< Cte | |ui (5) ||. ds. 
0 


Now taking € € (0, 1) small enough and using (3.2.33), we obtain (3.3.1). 
Differentiating (3.1.8) with respect to y, using lemmas 3.2.2-3.2.6 and the 
embedding theorem, we deduce 


| m4) |] € € CI ny CO | 2 + [|y CO || gi) (3.3.3) 
or 
|n (2| € qp CO | + En C + lOl). (3.3.4) 
Similarly, we infer from (3.1.7), 
lus C]| € C Ivy CO Lgs + Olle + 1m CD ge) (3.3.5) 
or 
IOS DOT PREIEO PRIDTOT e + Ol). (3.3.6) 
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Now differentiating (3.1.7) with respect to y, using (3.1.6) (v, = Uyyy), we derive 


Vay U, 
( 2) Ey = uy + E(y,t) (3.3.7) 


where 


(y+ 1)vj 2y lyy 2vju, 2|, + 2n, ` Ty 
E(y, t) =y "EE | + 2 


v? v? U 


2 
8n, ` Nyy Vy + 2| yl? uy, 6|n,| v 
F I: 


v v 
Multiplying (3.3.7) by % integrating the resulting equation over Q; = [0, 1] x [0, 1j 


and using the Young inequality, lemmas 3.2.2-3.2.6 and (3.3.1), we conclude 


t 
0 


t t 
lwl f rol) Pass Ge f || p(s) ||? ds + a | (usl? + IEI) (s) as 


(3.3.8) 
where 
t t 
f vectes es f hoko Me Mel + ell elt 
T lllz ll * ||] Ema] + lll DA 
+ [alse ele s] (9s 
t 
«à f (uli + llie) as: (839) 


Inserting (3.3.9) into (3.3.8), picking e € (0, 1) small enough, and using lemmas 
3.2.2-3.2.6, (3.3.1) and (3.3.4), we conclude 


t t 
lel f Install ass G+ 9 f. (mull? Il) (sas 


t 
< C+ ato f IDTOTREE 
0 


which, using the Gronwall inequality and estimates (3.3.1), (3.3.4) and (3.3.6), gives 
us (3.3.2). The proof is complete. 


Lemma 3.3.2. Under assumptions in theorem 3.1.2, the following estimate holds for 
any T > 0 and for all t € [0, T], 


t 
Ins ol + lle? f || m) as & a. (3.3.10) 
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Proof. Differentiating (3.1.8) with respect to ¢ and y, multiplying the resulting 
equation by ny, in I?(0, 1) and integrating by parts, we arrive at 


ld 


1 a 
2 n 
aalo f Pas mo m) (33.11 


where 


1 
2NyyU Nity Vy + Ny Ur Ny Vy Uy 
B= | ( wy  Ptyty - VW s - 1) nudi 
0 


v? U 


We now employ lemmas 3.2.2-3.2.6, the Gagliardo-Nirenberg interpolation 
inequality and the Poincaré inequality to get 


1 2 
Bose f Pl ay + e GO ws COT |n COT + Ens CO len? 


+ [|o m CO [P + Em COE o CO Ls Lu CO DO 


lnl : ° ad 
<: f o. Wt TONIO + |j) ). i 


Similarly, using lemmas 3.2.2—3.2.6, 3.3.1 and the embedding theorem, we derive 
that for any small e € (0, 1), 


1 
2 2 
MEE af [Cry * my] + [ny * Niyyl + [ny * nyy ni + [ny © yu | + [Mey] nul + [ny] |] |n] 


+ [ray + yvy] + Ind] vy] n + ILE E |vy || us | nyl nyl] dy 


1 2 
< ef en dy + C (Ihre) + IO] POR ES || u(t) [|p + lln) 


1 2 
«x | PL aye o (Itl + lelin + lOl) 


which, combined with (3.3.11), (3.3.12), (3.3.1)-(3.3.3) and lemmas 3.2.2-3.2.6, 
gives that for e € (0, 1) small enough, 


t 
||] + f E de e Cp. (3.3.13) 


By (3.3.3) and (3.3.13), we deduce 
|| rw Ol| € € 


which, with (3.3.13), gives (3.3.10). The proof is complete. 


Proof of Theorem 3.1.2. Using lemmas 3.3.1 and 3.3.2, we readily complete the 
proof of theorem 3.1.2. 
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3.4 Proof of Theorem 3.1.3 


This section will establish the regularity in H* x Hj x H*. 


Lemma 3.4.1. If assumptions in theorem 3.1.3 are valid, then the following estimates 
hold for all t € [0, T], 


|| na Cus O? + || Cus 0) | + |] eyo, 0)" 
+ lina, Oll? + ||us (y, 0)]? < Ca, (3.4.1) 


Ü 
[Jue CO] + Ema C2 IP + [|n (D ||? + | Cue |l + [|] + Irel? 


+ || ty |” + ILIO ds < C4, (3.4.2) 


t 
es uso + Iman +f | eeyyy(8)|| ds < Ch. (3.4.3) 


Proof. Differentiating (3.1.7) and (3.1.8) with respect to y twice, using theorems 
3.1.1, 3.1.2 and the embedding theorem, we deduce 


|||] S Col us COT + [ev lle En CD La (3.4.4) 
|||] S Cb CO [las + lew) Ihe) (3.4.5) 

or 
| tC) | < C(u Dll + eae) ee + Il) || us * || uy (t) ) (3.4.6) 
[mw Oll CC Ens CO ga + [ev ee Em CO LD- (3.4.7) 


Differentiating (3.1.7), (3.1.8) with respect to t, respectively, using theorems 
3.1.1, 3.1.2, (3.3.3), (3.3.5), (3.4.4) and (3.4.5), we obtain 
ret) | Cl D+ [|usCO |] + rma) |] + [free [le] 8-48) 


< OX|[u(t)| H3 + [| 2 (2) || gs T sg ads (3.4.9) 


|| m CO]] CUON |] ms CO] + [eee CO] T CO La) (3.4.10) 


< C2(|| ny(t) ls t loy CO [Lg t lulla) (3.4.11) 
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or 


|| iw) || < Chl + C | CO | + |i CO | + | rw CO] || CO |). (8-4-12 


|| nas (9 |] € Cum CO] + Ca CIE mi CO 1E + |] ms CO |] + [us CD |) (3.4.13) 


Differentiating (3.1.7) with respect to y and t, using theorems 3.1.1 and 3.1.2, we 
derive 


PESETOIPESPSTOUIN 
(3.4.14) 


|t |] S CC] wa CO] + Ln Cs Lr 


Similarly, we get 


2) 
(3.4.15) 


|| na Oll Cl Oll 1n CO | 


et [vl + [mw Ol + [rv 


Thus estimate (3.4.1) follows from (3.3.5), (3.4.4), (3.4.5), (3.4.9) and (3.4.11). 

Differentiating (3.1.7) with respect to t twice, multiplying the resulting equation 
by u,in L?(0, 1), performing an integration by parts, using theorems 3.1.1, 3.1.2 and 
(3.4.1), we have 


i l uy [nj 
Sw (IP = f | m " - hoa 
[5 hoy C IG) HES, 
0 


- Gus (|? + Cal ds £s + lus CO LE + CDs + lOl 


3 
E [uu] ne ls | [eel 


IA 


IA 


which thus, by theorems 3.1.1 and 3.1.2, implies 
lul? + [ || p(s) ||’ ds € Cy + of || nas CS) || ds. (3.4.16) 
y (3.3.10) and (3.4.10), we further have 
[ || m4(s) ||? ds € Cy. (3.4.17) 


Similarly, differentiating (3.1.8) with respect to t twice, multiplying the resulting 
equation by ny in L'(0, 1) and integrating it by parts, we arrive at 


ld 
5; lI Do + Di + De (3.4.18) 
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a= [G9 = [0.0.0 


Employing theorems 3.1.1 and 3.1.2, the Gagliardo—Nirenberg interpolation 
inequality and the Poincaré inequality, we conclude that for any e > 0, 


1 2 
ps - fe ay callne( OË COME iT 


+ (ON || eeey(t) |] O [ln t DIN lAl 
€ = Cp nas) |? + Sp CO ||? + |] ay COLE + |] uy CD s + ie), 
(3.4.19) 


1 
Dı < C f i [unl + [uy (Inu "m [ny] [nal 


ES (|reyyl SE LM zs [Niy vy] =F | My Uyy | + yen bay 


< Ola CDI + [pma CO [Gn Ls CO [s || CD Es [us CO D), (8-4-20) 


1 
D, < a f (Ira? + [ny + nay] + |My > neli] + Inl] nau] 
0 


+ [ny niyu) + [ny | neu] + |n? |] + [ny] uy) |n] dy 
< e| nay) ||. + CI na COP + |] na CO 5s + || CO P + lu CD i) 


which, along with (3.4.17)-(3.4.20), (3.4.1) and theorem 3.1.2, leads to that for 
e € (0, 1) small enough, 


t 
Ineo + f || mu) ||" ds & Cy. (3.4.21) 
0 
On the other hand, we derive from (3.4.16) and (3.4.21) that 
t 
hol f [ePac (3.4.22) 
0 


Exploiting theorems 3.1.1, 3.1.2, (3.4.12), (3.4.13), (3.4.15), (3.4.21) and (3.4.22), 
we obtain (3.4.2). 
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Differentiating (3.1.7) with respect to t and y, multiplying the resulting equation 
by uy, in L?(0, 1) and integrating by parts, we arrive at 


ld 


2 di lul = Fo) + Fi CO (3.4.23) 


where 


2 1 2 
Uu. n U TL 
Foly, t) = (^n. = | D uy, Fi) -f (^os 25 | - ) uj, dy. 
ty ty 


Employing (3.4.1) and (3.4.2), theorems 3.1.1 and 3.1.2, the Gagliardo—Nirenberg 
interpolation inequality and the Poincaré inequality and the Young inequality, we get 


Fo € Gus CO] e + bos CO s E CO + lew (Ol 
+ lew CO s n C s + lew lev Ol 
alo ilw Ollo lulz 
< AlO + MiO Eum CO lew 
+ fO Pler ODl Ollo 
< Oll OÈ + COE 7 DEus CO e + 1n CT) (3.4.24) 
which, together with (3.4.2), (3.4.14) and theorem 3.1.2, further leads to 


t t 
J Feds Ce f dissl bns] Ch (3.4.25) 
0 0 


Similarly, using theorems 3.1.1 and 3.1.2, (3.4.1), (3.4.2) and the embedding 
theorem, we conclude that for any small e € (0, 1), 


1 
rsa f Cl H | Vy tty] + | uyyuy| + [tyv] 4 | ui vyl + | May nyy) + [ny * niyyl 
0 
2 2 
+ |My + nyyuj| + |My - Ny Uyl + |y || my] + |ny| EM |utyy| dy 


Ese (OT PE Olia + Lee ae + Ure + lev Ola) 


which, combined with (3.4.23), (3.4.25), (3.4.1), (3.4.2) and theorems 3.1.1 and 
3.1.2, gives us 


t 
uno? + f. t dss o. (3.4.26) 


Therefore, by (3.3.6), (3.4.1), (3.4.2), (3.4.12), (3.4.14) and (3.4.26), we can 
obtain (3.4.3). This completes the proof. 


Lemma 3.4.2. If assumptions in theorem 3.1.3 are valid, then the following estimates 
hold for any t € [0, T|(T > 0), 
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2 


ITO) T [fyld T CO < C4, (3.4.27) 


t 
loms f (linll + ITO CES C4. (3.4.28) 


Proof. Differentiating (3.3.7) with respect to y, we arrive at 


(A29) +72 = Ey, t) (3.4.29) 
V /t y! 
with 
Vyy U (y+ 1) yv 
Ey, t) = Ury + Ey(y, t) | ( E 21 | y ma z, 


Using theorems 3.1.1 and 3.1.2 and lemma 3.4.1, we have 


|| CO] Ollu CO + Ios CO s + llie lOl 


leading to 
1 | G)[ ds < Ca++ af (Ivo | + || ro |) (8) ds. (3.4.30) 
Thus it follows from (3.4.2), (3.4.7) and (3.4.30) that for all t € [0, T], 
ra ILE GI ds < C, + of NOTET (3.4.31) 


Multiplying (3.4.29) by ™, integrating the result over Q, and using the Young 
inequality, (3.4.1) and (3.4.31), we infer that 


t 
losl? + ^ lous) |l ds s + af ILE Go) ds & C + af on CDI ds 
which, using the Gronwall inequality, gives us for all t € [0, T], 
t 
ICI | || yyy Cs) 


Thus from (3.4.2), (3.4.3), (3.4.6), (3.4.7), (3.4.32) and theorem 3.1.2 it follows 
that 


l'as« Cy. (3.4.32) 


|| ma CO + | C£) | < C, 


which, together with (3.4.32), gives us estimate (3.4.27). 
Now differentiating (3.4.29) with respect to y, we arrive at 


(=) +y Uy Ex(y, t) (3.4.33) 
t 


vU yitl 
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with 


Vyyy V Vyyy U. 
Ex?) = Eis 2) + (P579). 56-0 R. 


Exploiting the embedding theorem, lemma 3.4.1 and theorem 3.1.2 and (3.4.27), 
we can derive 


(Ol < Co] us CO] + rus CO + ev s Dla) 8434 


Differentiating (3.1.7), (3.1.8) with respect to y three times, respectively, using 
theorems 3.1.1 and 3.1.2, the Poincaré inequality and the Young inequality, we derive 


| vse) || € C |a CO || + Co C| os CD | gs + | CO ys + All) (9.4.35) 


|| moy C | < Ci || mt | + C2(|| my | us RU ll oy) || 8) (3.4.36) 
which, along with (3.4.2), (3.4.3), (3.4.27), (3.4.34) and theorem 3.1.2, implies 


t t 
n lE; (s)| ds € C4 + a | || vy C) ||" ds. (3.4.37) 
0 0 


Multiplying (3.4.33) by =, integrating the resulting equation over Q; and using 
the Young inequality, (3.4.1) and (3.4.37), we derive 


t t 
rot? f || Sys) |[' ds < Cx + of || Ex (s)]]^ ds 


t 
< Ca++ a | || vy C) ||. ds 
which, using the Gronwall inequality, gives us for all t € [0, T], 
t 
|| C P + f |o (5s C (3.4.38) 


Therefore, it follows from (3.4.2), (3.4.3), (3.4.27), (3.4.35), (3.4.36), (3.4.38) and 
theorem 3.1.2 that for all t € [0, T], 


t 
f (linll =F lul )(s) ds < Cs, 


which, together with (3.4.38), gives us estimate (3.4.28). This readily completes the 
proof. 


Proof of Theorem 3.1.3. Using lemmas 3.4.1, 3.4.2, we can complete the proof of 
theorem 3.1.3. 
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3.5 Bibliographic Comments 


In this section, we briefly review some related literature. Note that the dynamic 
theory of nematic liquid crystals was established by Ericksen [23] and Leslie [78] in 
the 1960s. This theory is in fact derived from the macroscopic point of view; which 
helps in understanding the coupling between the director field and the velocity 
field, and also gives a tool to describe the motion of the defects in the molecule 
configurations under the influence of the flow velocity. In order to describe the 
dynamic property of nematic materials, Ericksen [24] and Leslie [77] established a 
system consisting of equations for the conversation of the mass, the linear 
momentum and an extra equation for the conversation of the momentum due to 
vector field n. The Ericksen—Leslie system is well studied for describing many special 
flows for the materials, especially for those with small molecules, and is widely 
accepted in engineering and mathematical communities studying liquid crystals. 
For the following simplified Ericksen—Leslie equation 


vi - (v- V)v — vAv-- VP = —4V- (Vd Vd), 


d, 4- (v: V)d 7 y(Ad — f(d)), (3.5.1) 
V-v=0, 


where v is the flow velocity and d is the relaxation of the molecule direction. The 
term AV - (Vd © Vd) = AV;(V;d V;d^) = AV d' V jd' + 2 V, VS. in the stress ten- 
sor represents the anisotropic feature of the system. When the system (3.5.1) is 
subjected to Dirichlet boundary conditions, Lin and Liu [81] proved the global 
existence of weak solutions and classical solutions, and discussed the uniqueness and 
some stability properties of the system. Later on, they established the partial reg- 
ularity results in [82], and most results were extended to the general Ericksen—Leslie 
equations in [83]. When the system (3.5.1) is subjected to free-slip boundary con- 
dition for v and Neumann boundary for d (ie, vx v=0, (V x v) x v=0, or =0 
on 0Q), Liu and Shen [86] proved the local classical solutions and global weak 
solutions in 2D and 3D cases. When the system (3.5.1) is subjected to the Dirichlet 
boundary condition and reproductivity conditions (i.e., v(x, 0) = v(x, T), d(z, 0) = 
d(x, T)), Blanca et al. [9] showed the existence of weak solutions with the repro- 
ductivity in time property in 2D and 3D cases. Fan and Ozawa [25] proved some 
regularity criteria for this simplified Ericksen-Leslie system and also obtained the 
existence and uniqueness of global smooth solutions for a regularization model of 
this simplified system. Hu and Wang [57] studied three-dimensional case of (3.5.1) in 
a smooth bounded domain, and obtained the existence and uniqueness of the global 
strong solutions with small initial data and also proved that when the strong 
solution exists, all the global weak solutions constructed in Lin and Liu [81] must be 
equal to the unique strong solution. Hong [56] studied the system in 2D, and proved 
global existence of solutions with initial data, where the solutions are regular except 
for at a finite number of singular times. Some of the numerical experiments to the 
system (3.5.1) were performed in Liu and Walkington [87, 88] who also demon- 
strated the coupling between the fluid field and the director field. In this direction, 
we also mention the works by Calderer et al. [11] and Liu [85] for the nematic liquid 
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crystal model. Wen and Ding [143] studied the incompressible hydrodynamic flow of 
the nematic liquid crystals in dimension N (N = 2 or 3): 


per V: (pu) = 0, 

(pu), +V: (pu O u)+ VP = y^u — AV : (Vd O Vd), 
V-u=0, 

di+ (u: V)d = 0(Ad + |Vn|?n), 


(3.5.2) 


where p denotes density, uis the flow velocity and d is the relaxation of the molecule 
direction. Under the assumption po > 0, the authors obtained the local existence 
and uniqueness of the solutions. In addition, if pọ had a positive bound from below, 
and N — 2, they obtained the global existence and uniqueness of solutions with 
small initial data. 

We also note that for the system (3.1.1)-(3.1.5), Ding [16] proved the existence of 
global strong solutions under assumptions for initial data (po, ug, ng) € H!(0,1) x 
Hji(0,1) x H?(0,1) with 0« cj! € pg € co, and global smooth (classical) solutions 
under assumptions for initial data (og, uo, no) € C1* *[0, 1] x C?**[0, 1] x C?*"[0, 1] 
with 0<a<1, 0« cj! X po X ey. It is different from our result. First, Ding [16] 
studied the existence of global strong solutions to problem (3.1.1)-(3.1.5) in Euler 
coordinates, while we have established the existence of global solutions in H’ (i = 1, 
2, 4) in Lagrangian coordinates in this chapter. Second, we have established the 
regularity in H? x Hê x H? and H* x Hj x H*, while Ding [16] proved the existence 
smooth solutions in C'** x C?** x (?**, which is a direct consequence of our 
results. 


Chapter 4 


Large-Time Behavior of Solutions 
to a One-Dimensional Liquid 
Crystal System 


4.1 Introduction 


In this chapter, we shall continue to study the large-time behavior of solutions in 
H’ x Hix H!*!1(i—1,2) and H' x Hj x H! to the following 1D liquid crystal 
system based on the results in chapter 3: 


Up = Uy, (4.1.1) 
Uy |n 
Wee eru. (4.1.2) 
U v 
y 
1 ul 
m= (%) + al (4.1.3) 
v\u/y v 


(v, u, 5i) lg — (w, uo, no), 
Ul -01 = 0, LEY =0 
1 


where v = w = vx and P—p-—l(ie.,y = 1 in chapter 3). 


In this chapter, we still restrict ourselves to the following case: 
In? = nin; = 1. (4.1.6) 


In this chapter, we use C; (i — 1, 2) to denote the generic positive constant 
depending on the ||(9, uo, no) || p; gis gri. (i= 1,2), minzejo,1 up(a), min;e,] no(z), 
but not depending on time T, and C; (j = 3, 4) depending on H/[0, 1] norm of initial 
data (po, uo, no), minsejo,1] uo(z), min;eo1j M(x), but not depending on T. 

The results of this chapter are selected from Qin and Feng [110]. 
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Theorem 4.1.1. Suppose that (vo, uo, no) € H'(0,1) x Hj(0,1) x H?(0,1) and the 
compatibility conditions are valid. Then there exists a unique global solution 
(v(t), u(t), n(t)) € H1(0,1) x H1(0,1) x H?(0,1) to the problem (4.1.1)-(4.1.5) such 
that for all. (y, t) € [0,1] x [0, 4- oo), 


0< C1 xw(y,t) X C (4.1.7) 
and for all t > 0, 


|| eC Hs + Met) li + Ue) Ts + HE COT 


t 
+ f rie eb ul?) ars e (4.1.8) 
0 
Moreover, we have as t > +00, 
|v(£) — olg — 0, [lull 0, l) — nl 0 (4.1.9) 
where v — Jaw y,t)dy = i wdy, n — fon t) dy. 


Theorem 4.1.2. Suppose that (vo, uo, mo) € on 1) x Hf (0,1) x H?(0,1) and the 
compatibility conditions are valid. Then there exists a unique global solution 
(u(t), u(t), n(t)) € H?(0,1) x H}(0,1) x H?(0,1) to the problem (4.1.1)-(4.1.5) such 
that for allt > 0, 


oC) le + Me) axe + Mm COM + MEC Hn + Uh eel? 


+ f (Isl 


Moreover, we have as t > +00, 


lot) — Alp 0, (lu) 0, — |n — nl[ gs 0. (4.1.11) 


PEL EET ?)o )dà € €. (4.1.10) 


Theorem 4.1.3. Suppose that (v, uo, no) € H*(0,1) x Hj(0,1) x H'(0,1) and the 
compatibility conditions are valid. Then there exists a unique global solution 
(v(t), u(t), n(t)) € H*(0,1) x H3(0,1) x H*(0,1) to the problem (4.1.1)-(4.1.5) such 
that for any t > 0, 


l(t) fs + DuC Mns + Mm CO Ms + Mem CO ge + MC Ue + rae COME + Maa CO I 


+f (IL uses mains Dl + Ue 


2 


PEST + |l] Ta ) dt € C4. 
(4.1.12) 


Moreover, we have, as t > +00, 


lo — Ala 0, |u(£)]g 0, la — nl 0. (4.1.13) 
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4.2 Uniform Estimates in H’ x Hi x H'*!(i— 1,2) 

and H^ x Hj x H* 
The global existence of solutions in H’ x Hj x H'*!(i— 1,2) and H! x Hj x H' 
has been established in Qin and Huang [124] and also in chapter 3. In this section, we 
shall derive some uniform estimates in H’ x Hj x H'*!(i— 1,2) and H* x Hj x H' 


by establishing a series of lemmas. First, we shall establish some uniform estimates 
in H! x Hl x H°. 


Lemma 4.2.1. If assumptions in theorem 4.1.1 are valid, then the following estimates 
hold in Euler coordinates for any t > 0, 


1 t pl 
n (pu? + n(p) 4- 2|n,|?) da + n (i2 4 |n x nj )drds € Ci, (4.2.1) 
0 o Jo 


1 t 1 
f vete f f |n| deds < Ci (4.2.2) 
0 0 J0 


where n(p) = plogp — p. 


Proof. Multiplying (4.1.2) by u, using (4.1.1) and integrating the result by parts, we 
have 


1 1 1 1 
sal (pi? + x(p))de+ | “daz = |n, u, dz. (4.2.3) 
0 


We derive from |n|? = 1 that 
Nagy + In. ^n — —nX (n x Toss). 


Multiplying the above equation by n,,, we obtain 


dp 1 1 
T In| da + n nif usdee2 f |n x nal dz = 0, 
dt Jo 0 0 


which, along with (4.2.3), gives (4.2.1). 
Using (4.1.6), we easily get 
n-:mn,— 0. 


Multiplying (4.1.3) by n,, integrating the result over [0, 1] x [0, t], applying the 
Young inequality and the Poincaré inequality, we have for any & > 0, 


1 -— aM 
fac f f mPasds=- | f Ungrnidzds 
0 0 Jo ido 
t pl it 
<e[ | Im[eazds+ 0 f f vln dzas 
0 Jo ada 
t pl ; ' 
z In| dads + a f luli. f In, dzds 
o Jo A A 
t pl ; A 
<e f I |n|? dards + a f lel? f |n. deeds. 
o Jo i A 
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Choosing & > 0 small enough, performing the Gronwall inequality, and using 


(4.2.1), we obtain 
1 t 1 
f In| da + I n In|” dads < Ci. 
0 0 0 


This proves the lemma. 


Lemma 4.2.2. If assumptions in theorem 4.1.1 are valid, then the following estimates 
hold in Euler coordinates for any t > 0, 


t 1 
f | (ttt tasas s o. (4.2.4) 
0 0 


Proof. Squaring (4.1.3) in both sides, integrating the result over [0, 1] x [0, 1], 
employing integration by parts, the Young inequality and the Poincaré inequality, 
and using (4.2.1) and (4.2.2), we conclude for any e > 0, 


t pl 
J f nel? + inal aes 
o Jo 
t pl t pl 
=f f «wf u? |n, [? 2nyun,)dzds—2 | f nulnPndeds 
o Jo 0 
t pl 
=f [stem + 2n,un,) dads + = TM In; |^ dzds 
eff (In^ + 2 |n, 7) dads 4- = af f |n,|* dads 
«c ZI nias af lul? linl? dzds 
sas? f nd dnd 0, f ualra ded 
3Jo Jo 0 
2 t t 
«ass f n dads. 6, | lus || dads 
3Jo Jo 0 
2 t 
<a+s/ f n; |^ dads. (4.2.5) 
3Jo Jo 


Therefore (4.2.4) follows from (4.2.5). This completes the proof. 


Lemma 4.2.3. If assumptions in theorem 4.1.1 are valid, then the following estimates 
hold in Lagrangian coordinates, for amy t > 0, 
na |? 
" ( 2) 
uly 


BN Inl" a a lul? 
n uà 4 (v — logs — 1) 4- —— (y, ays f I y 
0 v 0 Jo v 


dyds € Ci, 


(4.2.6) 
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[5 LM s ae nj (9) ] avis (4.2.7) 


Proof. Using lemmas 4.2.1—4.2.2 and the total mass conservation A vdy = h vody, 
we easily derive (4.2.6) and (4.2.7). 


Lemma 4.2.4. For any t È 0, there exists one point yı = y(t) € [0, 1] such that the 
solution u(y, t) to problem (4.1.1)-(4.1.5) possesses the following expression: 


t 2 
1+ f G vD^ (y, oz ye (4.2.8) 
0 V 
where 


Dy, t) = vo( sexo | f" udé — E uo(£) d£ + «f [ru E (4.2.9) 
Z(t) -ew[-: «f [ (ee 24 dn ny L) ayas), To = [ ug dy. (4.2.10) 


Proof. See, e.g., lemma 2.2.2 or lemma 3.2.3. 


oy, t) = Dy, t) Z(t) 


Lemma 4.2.5. There holds 
0« C! «v(y t) € Cı, for all (y, t) € [0,1] x [0, +00), (4.2.11) 


t 
f IAO ds < Ci, for all t > 0. (4.2.12) 
0 


Proof. Obviously, using the Young inequality, the Hólder inequality and lemma 4.2.1, 


we have 
y 
f udé — "ut )dé 4- — Ji Lu uo(z dai 
Yı 0 
1 5 1p 1 5 
«(f dy) + 1s ga) zi (/ bay) dy 
0 0 Uo Jo 0 


< aul & sa. (4.2.13) 


Equations (4.2.9) and (4.2.6) imply that there exists some positive constant 
C; > 0 such that for all (y, t) € [0, 1] x [0, +20), 
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0« C1 € D(y,t) X C. 


Noting that for all t > 0, 
! |n, Er 
1< I 1+’ ——](y,t)dyx C, (4.2.14) 
0 U 


then for 0 € s € t, we get 


t 1 2 
rss | , (eee Sue C(t — s). (4.2.15) 
E] 0 


Therefore, (4.2.10) and (4.2.15) imply that for any 0 € s < t, 


e 00-9 < Z(1) z-1(s) -ew(- Si [i (rev a, Pal n, auas) «e&t (t-s) 
0 


(4.2.16) 


Using (4.2.8) and (4.2.16), we derive that there exists a large time tọ such that as 
iz to, ye (0, 1], 
JEN 
1+ n vi ros vD! (y, s) Z !(s)ds 
0 


t 2 
en 1+ [n] e Gilt-8) ds 
0 vU 
x Cr 1 e e t- s) 


> (20). (4.2.17) 


u(y, t) = D(y, t) Z(t) 


"6a 


Noting that D(y,t)> Cj!, Z(t) » exp(- C;t), we infer that for any 
(y, t) € (0, 1] x [0, to], 


u(y, t) > D(y, t) Z(t) > Cy! exp(— Ct) > CT" exp(— Cito), 


which, together with (4.2.17), implies that for any (y, t) € [0, 1] x [0, +00), 
v(y,t) > Cy. (4.2.18) 


Employing W'* GL”, by the Holder inequality, lemmas 4.2.3-4.2.4 and (4.2.18), 
we deduce 
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tf nf 
ht 1+ y e Gilt-s) 
0 v 
EC c a f e 
t 11 d 
sava f " yl (fs E i 
0 0 


u(y, t) < C 


ve alt s) 


1 2 
urd, f : e 
Q Ul \U4%y 


which, using the Gronwall inequality and (4.2.7), (4.2.18), gives (4.2.11). 
Using (4.2.7) and the Poincaré inequality, we obtain 


t P t In| 2 
ATOE a f | d 
0 0 U || ro 
i [ny] 
y y 


a vds (4.2.19) 


(4.2.20) 


This proves the lemma. 


Lemma 4.2.6. If assumptions in theorem 4.1.1 are valid, then the following estimates 
hold for any t > 0, 


1 t 1 
f dte f f alt + nue IP + of) duds < Ch, (4.2.21) 
0 0 0 


[mi(y,0)]| € Ci. (4.2.22) 


Proof. Using (4.1.1), we may rewrite (4.1.2) as 


U v,  2|n, ^v, 2n, Thy 
(u- 3) - 3. E Lom (4.2.23) 
A v3 v? 


118 1D Radiative Fluid and Liquid Crystal Equations 


Multiplying (4.2.23) by u — “4, integrating the resulting equation over [0, 1] X [0, f], 


E: 


and using the Young and the Poincaré inequalities, we deduce for any ¢ > 0, 


E v 2 [ny v2) dyds 
0 


[T , 
wp +6 [ h [Uy ta] + |ny nyul + |n, + nyvy| + Ins lvyul) dyds 


sae f v 2 [nv 2) duds + af || wy(s) Il ds 
«af Indi. f u? dyds+ aah T |myy|° dyds. (4.2.24) 
0 0 0 J0 


Taking ¢ small enough in (4.2.24), and using (4.2.6), (4.2.12) and (4.2.24), we can 


obtain 
«f n [D ? [ny v „)dyds < ara f [ [n| dyds. (4.2.25) 


By (4.2.7), we have 


2 
If [Pal m "i Ps We on 
0 o Y y 0 vU 
1 Inv 
o v 0 


t pl t 1 
2 
Jf In| dyds < a+a f lle f v, dyds 
0 JO 0 0 


which, with (4.2.25) and the fact ||u|| < Gul < Cj, gives 


Eug — 


| ju- zi 


Thus 


t 1 t 1 
jaw | 1 (02 + [n D) dyds< 4+ C | A n wdyds. (4.2.26) 


Applying the Gronwall inequality to (4.2.26), and using (4.2.7) and (4.2.12), we 
obtain 


t 1 
2 
IEXOII +f n (Ins ^22 + [nyl + |w ^) dyds < Cy. (4.2.27) 


Thus from (4.2.7) and (4.2.12) it follows that 


L1 Iny|  dyds < af Indi. f In| dyds < C. (4.2.28) 
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By (4.1.3) and (4.2.27), we can derive 
[lw (II € & (1n CO] + Ie), (4.2.29) 
or 
ln] < C (Ins CO | + mo COL) (4.2.30) 


which implies (4.2.22). 
Thus, using the Poincaré inequality and (4.2.27), we can infer 


t t 
f iota e f Col Iul) s 
0 0 


t 
< a f |n C3) || ds « C, 
0 


which, with (4.2.27) and (4.2.28), yields (4.2.21). This proves the lemma. 


Lemma 4.2.7. If assumptions in theorem 4.1.1 hold, then the following estimates are 
valid for any t > 0, 


ll + my CO E Al 
t 
+f (lel + Jew? HP) (5) ds< a. (4.2.31) 


Proof. Obviously, using lemma 3.2.6 in chapter 3 and the uniform estimate of v, we 
may complete the proof. 


In what follows, we shall derive some uniform estimates in H? x Hj x H?. The 
proof of the following is different from lemma 3.3.1 in chapter 3 to some extent. 


Lemma 4.2.8. If assumptions in theorems 4.1.2 hold, the following estimates are 
valid for any t > 0, 


t 
ICI? + met f || us (9| ds € C, (4.2.32) 


t 
Ivo] f (Is Ml Ll) (95 8 Cr. (4.2.33) 


Proof. Differentiating (4.1.2) with respect to ¢, multiplying the resulting equation 
by u, integrating it by parts, and using (3.2.32) and lemmas 4.2.3-4.2.7, we deduce 
for any e > 0, 
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Nuc? + f fslas 

< |lu(y, 0)] + af [luy] Ius In, myl [ns |l] uel dud 
«Ges [Ibo os f [ul Ile al 

+ [alll nli ml c 


t t f 
«ees f luolaa f [esl + lull Hull] cn 


t 
x esf puse 
0 


which, by taking e € (0, 1) small enough and using (4.2 


31), yields (4.2.32). 
Differentiating (4.1.2) with respect to y, using (4.1.1) ( 


Vtyy = Uyyy), we arrive at 


(=) m P = wy + E(y, t) (4.2.34) 
t 


where 


2 2 2 
E(y.)) - 2 4 otw a i | Al ULL 


v? U v3 v 


2 
8n, ` Nyy Vy + 2|ny| vy 


2 
6|n,| ^ 
v3 " | 


Multiplying (4.2.34) by ^", integrating the result over [0, 1] X [0, f| and using the 


v? 


Young inequality, we have for any e > 0, 


t t t 
lol? f Inst ts +e f Mose Gf flu? cn 
(4.2.35) 


where 
i 2 , i 4 2.2 4,2 4 2 2 
f weeartass o [beet etii ul nPI) 
2 2 4 4 4 
t [nyl [nyl v? + |ny| vi + [ny] v,) dyds 
t 
2 2 2 2 2 4 
<a f (Ill Ml + Ml tl + lf Mel 
0 


2 2 2 2 2 2 2 
+ [Eno] [|n] + || My] PN LI aal PET PSI] 


+ [laylo llo Mrd sls) ds- 
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Using the interpolation inequality, the Young inequality and lemmas 4.2.3—4.2.7, 
we conclude 


t t ; 
f ventas es | (loin + ell Ma eed + mel?) as 
t 
<o f (eal + lel? + lol oll Isl 
+ || IM + lull”) as 
t t 
«eis f pns ase f Aal 
7 || nC) as. (4.2.36) 


Differentiating (4.1.3) with respect to y, using the interpolation inequality, the 
Young inequality and lemmas 4.2.3-4.2.7, we can conclude 


t t 
f Isola f (Il Mal se 


2 

E 
t 

«à f (Inslt- Mule Me Md Isl 

[rl el Mol Er + Ln Ll 


edle lf) ts 


t t 
<ate f | apy C If ds + af latolo) as. 


2 2 
a || nv] 


2 
2 2 3 
+ |[n,: Nyy || + || Vy + n, 


Picking ¢ € (0, 1) small enough, we obtain 


t t 
n IDOINTES ara f lnla llots]? ds. (4.2.37) 


Inserting (4.2.36) and (4.2.37) into (4.2.35), and taking e small enough, we can 
obtain 


t t 
lwl f osata f Mos leu] 


Performing the Gronwall inequality, and using (4.2.12), we conclude that for all 
t> 0, 


t 
loool f (Il + lnl?) (ds < Ci. (4.2.38) 
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Differentiating (4.1.2) with respect to y, by the imbedding theorem and lemmas 
4.2.3—4.2.7, we can obtain 
OERA OE OEO (4.2.39) 
or 
lsd O (hela + hOla + Olle lul) (4.2.40) 


which, with (4.2.31), (4.2.32) and (4.2.38), gives (4.2.33). This proves the lemma. 


Using the same estimate as in chapter 3, we can obtain the following two lemmas 
concerning uniform estimates in H' x Hj x H'*!(i— 1,2) and H* x Hj x H* using 
uniform estimates of specific volume v in lemma 4.2.5. 


Lemma 4.2.9. If assumptions in theorem 4.1.2 are valid, then the following estimate 
holds for any t > 0, 


t 
ln COL + leon (|)? + n || ns COL < C. (4.2.41) 


Lemma 4.2.10. If assumptions in theorem 4.1.3 are valid, then the following esti- 
mates hold for any t > 0, 


t 
haO? + ON + || + | I] + unu 

+ Inal? + || rus [4 [nwl (s)ds< Ch, (4.2.42) 

2 2 2 t 2 
uyd || zu 10] + [uiy (t)]| = ITI ds X C4, (4.2.43) 

2 2 2 i 2 
|o C2] ln lidl f lel asse — (4244) 

2 : 2 2 2 

ITO] «f (level + [rss] + [tuo] )(s)ds< Ch. (4.2.45) 


4.3 Large-Time Behavior in H’ x Hi x H!'! (i = 1,2) 
and H* x Hy x H* 


In this section, we shall complete the proofs of theorems 4.1.1—4.1.3. 
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Lemma 4.3.1. If assumptions in theorem 4.1.1 are valid, then we have 


lim || v(t) — v|| p= 0 (4.3.1) 


where v — j^ u(y, t) dy = Js v dy. 


Proof. Differentiating (4.1.1) with respect to y, multiplying the result by v, then 
integrating the result over [0, 1], using the Young inequality, we can deduce 


d 1 1 
lle S Mes OU? + Hus COR <5 + 2 Es COME COT 


which, along with (4.2.21), (4.2.31) and lemma 1.1.2, leads to 


tim u= 0. (4.3.2) 


i 
Moreover, using the embedding theorem, we can deduce 


lv — vl < & [vy | 


which, together with (4.3.2), gives (4.3.1). This proves the lemma. 


Lemma 4.3.2. If assumptions in theorem 4.1.1 are valid, then we have 


Jim. ju (OL 0. (4.3.3) 


Proof. Equation (4.1.1) can be rewritten as 


2 
= - |", | (Yy 
«t yt vy ' a), (4.3.4) 
y 


Let 
"A Inl? ls A l [n| w 
P = Pl, t) =-+-7 > 8 = ay, t) d ae ag 
Then 
w= (-3+“4) =3,. (4.3.5) 
U/ y 
Put 
1 
p* = P (y, t) = »(y,t) -f P(Y, t) dy, (4.3.6) 
0 


8* = 8*(y,t) = (y, t) -f G(y, t) dy. (4.3.7) 
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Then 


1 1 
I P“ (y, t) dy = 0, n 6" (y, t) dy = 0, (4.3.8) 
0 


C= Pn (9),- Fy. (4.3.9) 


Integrating (4.3.9) by parts, using (4.3.5), lemma 4.2.3 and the Young inequality, 
we can infer that for any e > 0, 


y 
Iz P = P) = (79 fva) 
y " y 
—|-5, ras) = (« = | pac) 
( zi ' a 0 
y ai y 
= | ù, ia) -( — | ia) 
( ' [ Gh 0 
1 i 1 y 2: 7 ly 
(es) E (L's) [sv 
0 0 0 0 v 


<el + CC) + C: (arg? IP + Collu) 


IA 


< (C + DeD? + C (lul? |). (4.3.10) 


Choosing ¢ > 0 so small that (Cj + 1)e < 1, integrating the result over (0, t), we 
obtain 


t 
[ iy tas o. (4.3.11) 
0 
Note that 
d Ak 2 Ak Ak Ax T 
49 Ol — 209,9) —2| 9, — | Pray 
0 


< C (led + || COT + IIo: OTT). (4.3.12) 
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From (4.2.21) and (4.2.30), it follows that 


sio al) 


ol «c (o 2 4 [hy nlt) 


hwl + Dl) 


Combining (4.3.12) and (4.3.13), we get 
d 


Using lemmas 4.2.7 and 1.1.2, we can derive 


lim |P H= 0. 


i oo 


Hence from (4.3.4), (4.3.5), (4.3.7) and (4.3.11), it follows 


[ve i asa f (Io “I+ ul) ds a. 


By (4.3.4), (4.3.5), and (4.3.7), and integrating by parts, we derive 


y 
2(6*,0,) = Y (s.- | uL) 
0 
y 
= 2 n 6 jae) 
safe JI? 4 ©, dx | 


Mod g*(t 2 
Fle" 


where 


and 


a 
© 
Ra 
ll 
| 
ele 
| 
x= 
UN 
+ 
ee 
roce ad 


2 2 
NE [ny] i < Udy — Uy 
= T T . 
v? v? f U/y v? 


+ los CO m] LECT I us CO I) 


< C (Iu (|)? + mss CO s COT + Li COT In COT) 


5,19 OI? < C (Hew? + [jus CO] |I). 


(4.3.13) 


(4.3.14) 


(4.3.15) 


(4.3.16) 


(4.3.17) 


(4.3.18) 
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Noting that for all t > 0, 
uz(0, t) = w(1, t), 


we derive that for any y € (0, 1], 


y 
n Glz, t) dz 
0 


1 
<Q (/ | ty + My My + Ni Uy + Ut Uy + wj|dy + ul) 
0 


< & lull + oll Hell [rd] Dial 
+ Mell- Moll + EO] 
< C (||uy|| + |] rel] + ull + lul). (4.3.19) 


1 
f S(x, t) dz 
y 


Combining (4.3.18)-(4.3.20), we obtain 


y y 1 
[awf (a- / GIE dë) de 
0 0 0 
y 1 1 
-[ $us | / o,dxdé 
0 0 y 


z Ci [uy |] + linge] + Muell + Jul) (4.3.21) 


Analogously, 


< Ci (lleyll + |] rel] + Muell + ul). (4.3.20) 


which gives 


< a (Iul + ms COP"). (4.8.22) 


y 
0 


By (4.3.17) and (4.3.22), we can infer 
d TU 
5,19 CI C (lOl + [Ino] eO) 
< a (1e uD PHD), 
which, along with (4.3.16) and lemma 1.1.2, yields 


lim Ie" (o^ 0. (4.3.23) 


Noting that 
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we arrive at 


* 1 1 
u (=) $ J W dy = (8* +5) + n T dy 
v U 0 U 0 v 
which, together with lemma 4.2.3, gives 
u Ar Ax 
||u Co] < Cf] < e oO ICI COT: (4.3.24) 
Thus from (4.3.15), (4.3.23), (4.3.2) and (4.3.24) it follows that 


im. |u| = 0. (4.3.25) 


By the Poincaré inequality, we get 
lulan < Clll 
which, together with (4.3.25), gives (4.3.3). This completes the proof. 


Lemma 4.3.3. If assumptions in theorem 4.1.1 are valid, then we have 
lim ||n(t) — n|| y; — 0 (4.3.26) 
where n= A n(y, t) dy. 


Proof. Multiplying equation (4.1.3) by m; integrating the result over [0, 1] with 
respect to y and using (4.1.6), we obtain 


1 1 
l n'y f A CR) ay 
0 o VUY 


1 
= I A 25.) dy. (4.3.27) 
0 


UND v? 


By the Young inequality, we deduce that for any e > 0, 


1d f dt nz log Th. ab 
sal [ny] ay+ f [nl dyse f |n| dy + a f [ny] v, dy. 
0 0 0 0 


Taking ¢ small enough and using (4.2.21), we have 


d 
gi lm CODE + Mm COT? < ClO is (4.3.28) 
which, together with lemma 1.1.2 and (4.2.12), results in 
im. |a|? 0. (4.3.29) 


By the Poincaré inequality, we derive 


lO — Allin € Cll |l 
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which, together with (4.3.28), leads to 
jim ||n(t) — n|| m= 0. (4.3.30) 
By lemma 4.2.7, we can obtain 
d 2 2 2 
a lm (IP + Oll < [fOlie ll 
which, combined with (4.2.12), (4.2.31) and lemma 1.1.2, gives 
jim latl = 0. (4.3.31) 


From (4.1.3) and (4.2.31), and using the Poincaré inequality, we can infer 


col) 

< C (WD + ro COT | ev)? Oll) 
< © (MaD + [rao COT En COT Ilr) 
< à (Imo + lO ITF). 

which, along with (4.3.2), (4.3.30) and (4.3.31), gives 


uIP < (ICO? + liner + | 


Jim. [nC | — 0. (4.3.32) 


t 


Thus (4.3.25) follows from (4.3.32). This completes the proof. 


Proof of Theorem 4.1.1. Combining lemmas 4.2.3-4.2.7 and lemmas 4.3.1—4.3.3, we 
complete the proof of theorem 4.1.1. 


Lemma 4.3.4. If assumptions in theorem 4.1.2 are valid, then there holds 


Jim, |lv() — vllo 0 (4.3.33) 


where v = fo u(y, t)dy = i u(y) dy. 


Proof. Differentiating (4.1.1) with respect to twice y, multiplying the resulting 
equation by v,,, then integrating it over [0, 1], by the Young inequality, we can deduce 


ld T 
za lll = f Uyyy Vyy dy 


1 1 1 1 4 1 
< 2 IOS 3 || eye) ||? < Z sm 1 low] + lC 
which, together with lemmas 4.2.8 and 1.1.2, implies 


lim. |o (||. = 0. (4.3.34) 


i 
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By the embedding theorem, we have 


lim |Ju(t) — vll; 0. 


'This proves the proof. 


Lemma 4.3.5. If assumptions in theorem 4.1.2 are valid, then the following estimate 
holds 


Jim. [jute 0. (4.3.35) 


Proof. By (4.3.5), we have 


2 
Nm 2Ny : nyy — 2|ny[ vy (4.3.36) 
r1) 2 2 3 
v v v 
cds. (3) (4.3.37) 
U^y 


Hence, by lemmas 4.2.3-4.2.9, and using the interpolation inequality, we obtain 
IPON E (MOHO - CT + ln COP CO) 
(Iles D1] + HEC Ms COL EOM esI) 
< C (lloll (lw LOT OT lhe + llr IP lle 
= Ci(| uy (t)| +| A) 


EC 


which gives 


lim ||P || = 0. (4.3.38) 


i + co 


Differentiating (4.3.37) with respect to t, multiplying the result by u, then 
integrating it over [0, 1], employing an integration by parts, and using the Young 
inequality, we can obtain for any & > 0, 


2 


id ; um b ET 
-— tO + — dy = uyd «f vd 
za le | Tao | Puis [ ray 


< ejut? + (IPO? + lus CO Ms). — (43-39) 


Choosing ¢ > 0 small enough, using (4.2.21), (4.2.31), (4.2.32) and the interpo- 
lation inequality, we can conclude 
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d 
i OT + E COLE 
< Gus CO E ImsCOl inu 
+ Ens COM Dos CO + Ls COP COE Hew) 
< a (lul? + || COP + jaa (4.3.40) 
Hence we infer from (4.3.40), (4.2.6), (4.2.12), (4.2.31) and lemma 1.1.2 
im || u(t) ||’= 0. (4.3.41) 


By (4.3.37), (4.1.8) and the interpolation inequality, we derive 
|| 9] & Cr ([|By (A) |] + IC IE + s CO v CO ][) 
< C 9,0] + Neel + (lle CODI os COTÉ + COT lew COLD 
< C (IPO +u + llel) 
which, along with (4.3.25), (4.3.37), (4.3.40), gives 


) 
) 


|’= o. (4.3.42) 


Bl | Uyy ( t) 


Thus (4.3.35) follows from (4.3.42) and (4.1.9). This completes the proof. 


Lemma 4.3.6. If assumptions in theorem 4.1.2 are valid, then there holds that 


lim ||n(¢) — n]; 0 (4.3.43) 


where n — i n(y, t) dy. 

Proof. By lemma 3.3.2, we can derive 
d 2 2 
Siren)? < a (lO + Ol) 

which, along with (4.2.21), (4.2.31) and lemma 1.1.2, leads to 


: 2 
jim_|[my(t)|| = 0. (4.3.44) 
Hence it follows from (4.2.41), (4.3.32), (4.3.34) and (4.3.44) that 
. 2 
lim || nyyy(t)|| = 0, (4.3.45) 


i— oo 


which, using the embedding theorem and (4.3.26), gives (4.3.43). This proves the 
lemma. 
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Proof of Theorem 4.1.2. Combining lemmas 4.2.8—4.2.9 and lemmas 4.3.4—4.3.6, we 
can complete the proof of theorem 4.1.2. 


Lemma 4.3.7. If assumptions in theorem 4.1.3 are valid, then there holds that 
um || v(t) — vll y= 0 (4.3.46) 


_ 1 1 
where  — f, v(y, t)dy = J w(y) dy. 


Proof. Differentiating (4.1.1) with respect to y three times, multiplying the resulting 
equation by Uyyy integrating it over [0, 1], and then using the Young inequality, we 
can derive 


d 
dt ITO < IDTOIR + lw CO] 


1 
< 


1 ; 
Szt goo + ION 


which, together with lemma 4.2.10 and lemma 1.1.2, yields 


Jim. [|n (0 0. (4.3.47) 


t 


Differentiating (4.1.1) with respect to y four times, multiplying the resulting 
equation by Vyyyp integrating it over [0, 1], and then using the Young inequality, we 
can derive 


d 
di louw Oll E ITO + low Ol 


1 1 
S 2 T 2 || ow CO + lium All 
which, along with lemma 4.2.10 and lemma 1.1.2, leads to 


lim || = 0. (4.3.48) 


to 


Therefore, using the embedding theorem, we conclude from (4.3.33), (4.3.47) and 
(4.3.48), 


lim [Jo(t) — vll; 0. 


'This completes the proof. 


Lemma 4.3.8. If assumptions in theorem 4.1.3 are valid, then there holds that 


lim || u(£)|| g= 0. (4.3.49) 
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Proof. Clearly, using lemma 4.2.10 and the Young inequality, we can derive 


E fP eol] usCODP + en) + Ue) LCD 
+ [jalia + [lev P 
€ Cy + Ollu Ol + Cp us le + || 
+ lran + bs COM 


which, along with lemmas 4.2.3-4.2.10 and lemma 1.1.2, leads to 


PERDOI 


lim |u|’ = 0. (4.3.50) 


i 


Differentiating (4.3.36) with respect to y, using the interpolation inequality and 
lemmas 4.2.3-4.2.10, we infer 


Pl S C Ip COT + Mos CO Ls os CO + Lm COM LE COT 
HlO [rel + [rye lev LOI 
HO li ew O+ [ev COT En OU Ir CO [D 

< G [wy] + || CO] [ry [| + || CO] + | ev COL) 
which, combined with (4.3.2), (4.3.29), (4.3.34), (4.3.32) and (4.3.45), implies 
Dy,(t)|| = 0. (4.3.51) 


lim | 
i +00 


Differentiating (4.3.37) with respect to y, using the interpolation inequality and 
lemmas 4.2.3-4.2.9, we derive 


[us] & Ct (Is (Dll E25 + [|n CO CO] + |] ey COL + AOAO] I) 


< a (Iul PONH DOLO) 


which, together with (4.3.50), (4.3.51), (4.3.25), (4.3.34), (4.3.2) and (4.3.42), leads 
to 


lim || tuyyy(t)|| = 0. (4.3.52) 


i + co 


Differentiating (4.3.36) with respect to y twice, using the interpolation inequality 
and lemmas 4.2.3-4.2.10, leads to 


IO < Ca (|| vs CO | + ll ow (4)|| Ls ITO + lull + lall) 
which, along with (4.3.2), (4.3.29), (4.3.34), (4.3.45) and (4.3.47), results in 
lim ||p,,,(4)|| = 0. (4.3.53) 


t— +00 
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Differentiating (4.3.36) with respect to t and y, using the Poincaré and the 
Gagliardo-Nirenberg interpolation inequalities, and using lemmas 4.2.3-4.2.10, we 
can obtain 


I.I < GI ire irl + Ims CO lios loe). 4359 


Differentiating (4.3.37) with respect to t once and y twice, multiplying the 


resulting equation by u,,, employing an integration by parts, and using the Young 
inequality, we can conclude that for any & > 0, 


ld lu? n 
2 dt [twl + ) Ut dy < e| ues CO + OOI as C (pl 


2 2 4 2 
T || usus] T T | || + | ttg | 


2 
Uty Uy 


2 
2 4 
idus] + lesevll ss): 


2 
T || uy yy YI + 


Choosing € € (0, 1) small enough, using the interpolation inequality and lemmas 
4.2.3—4.2.9, we deduce 


d ~ 
dt | us CO RE lum All = eA OI + Cx|| us CO || Fe 
dt 
+ || CO [s + [lov Ili) (4.3.55) 


Inserting (4.3.54) into (4.3.55), using lemmas 4.2.3-4.2.10 and lemma 1.1.2, we 
can derive 


Jim. [uw 0. (4.3.56) 


Differentiating (4.3.37) with respect to y twice, using the Gagliardo-Nirenberg 
interpolation inequality and lemmas 4.2.3-4.2.10, we obtain 


| tss DNS C (Ioas COLL Un) + toll + [evel + n 


) 


= C1 (Pust) | T IO F IOJ + | 7 || vC) 
+ Ca || oy (t) | 


3 
x | veel T || sw dE | uy vuv + ve 


|+ low) 


which, together with (4.3.2), (4.3.25), (4.3.34), (4.3.42), (4.3.47), (4.3.53) and 
(4.3.56), gives 


[m [us (|| = 0. (4.3.57) 


Therefore, it follows from (4.3.33), (4.3.52) and (4.3.57) that 


Jim [Cf] 0. 


Thus the proof follows immediately. 
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Lemma 4.3.9. If assumptions in theorem 4.1.3 are valid, then the following estimate 
holds 


lim. ||n(?) — nl|j, 0 (4.3.58) 


t+ +00 
where n = Js n(y, t) dy. 


Proof. Exploiting lemma 4.2.10 and the Young inequality, we easily infer that 


d 
Slime) [Emus CO [P & CoC Ime OI? + Lm CO s Ds s | I) 
< C Olla Olé + C mas CO Lin 
CDs + Lu COT 


which, along with (4.2.33), (4.2.31), (4.2.41) and lemma 1.1.2, implies 


jim _||nu(*) l^— 0. (4.3.59) 


Then (4.3.55) follows from lemma 4.2.10, (4.3.31), (4.3.43), (4.3.47), (4.3.59) and 
lemmas 4.3.1—4.3.6 immediately. Thus the proof follows readily. 


Proof of Theorem 4.1.3. Using lemma 4.2.10 and lemmas 4.3.7—4.3.9, we can finally 
complete the proof of theorem 4.1.3. 


4.4 Bibliographic Comments 


In addition to the comments in section 3.5, we would like to mention here that the 
global existence and regularity of solutions to (3.1.1)-(3.1.5) or (3.1.6)- (3.1.10) have 
been established for the pressure P = p? = 4 (y > 1), while the large-time behavior 
of global solutions to (3.1.6)-(3.1.10) (i.e., (4.1.1)-(4.1.5)) has only been proved for 
y = 1 in Pand it is still open for y > 1. For the large-time behavior of solutions for 
incompressible liquid crystal system, we would like to refer to Wu [144] and the 
references therein. 
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